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A REVIEW OF THE EFFECTS OF CRACK GEOMETRY ON WAVE PROPAGATION
THROUGH ALIGNED CRACKS

on cracks (sometimes called equant porosity), VP/V, ratio of
the matrix material, crack orientation and distributions of
crack orientations, biplanar and multiplanar distributions, the
causes of differential shear-wave attenuation and other
parameters.
With the major exception of attenuation, the effects of
most of these parameters are reasonably well understood
from theoretical formulations and some have recently been
wholly or partially confirmed from laboratory modelling
(Rathore et al., 1991). Estimates of some parameters can be
obtained from a minimum of observations under comparatively general assumptions but others require observation
from raypaths covering a sufficiently large solid angle of
directions to identify the three-dimensional pattern of variations. The most powerful situation for extracting crack
parameters from seismic waves is when the crack geometry
changes with time. Since the possible causes of temporal
changes are limited, interpretation of the changes in the
behaviour of shear-wave splitting places strong constraints
on possible crack geometries.
Attenuation is less well understood. There have been a
number of theoretical and experimental investigations of
attenuation in aligned cracks but these are difficult to evaluate because of the great sensitivity of attenuation to the
details of the internal geometry. Small changes in the characteristics of pore fluid viscosity (modelled by Hudson, 1981),
pore fluids containing gas and liquid phases (observed by
Mavko and Nur, 1979, and modelled by Hudson, 1988) and
pore fluids containing clay (observed by Klimentos and
McCann, 1990; amongst others) can each alter attenuation by
orders of magnitude. This makes anisotropic attenuation difficult to model quantitatively in the crust as it is seldom that
we have enough information about the in-situ rock mass to
be able to make reasonable estimates of all the parameters
controlling attenuation. As such, the effects of attenuation
will not be examined in this paper.
This paper reviews the effects of varying crack parameters
on the velocity variations particularly of shear waves. Wave

ABSTRACT
The elastic effects of wave propagation through aligned cracks is
well-established theoretically and several publications have shown
numerical calculations giving the behaviour of, particularly, shear
waves in distributions of aligned cracks with different crack geometries. This paper reviews the elastic effects of wave propagation
through various distributions of aligned cracks relevant to wave
propagation in a cracked crust.

INTRODUCTION

Propagation through stress-aligned fluid-filled cracks and
other inclusions has been claimed to be the cause of the
azimuthally varying shear-wave splitting observed along
almost all shear-wave raypaths in the upper half of the
Earth’s crust (Crampin and Lovell, 1991; Crampin, 1993).
Similar phenomena also appear to exist in the lower crust
(Graham and Crampin, 1993). This paper will examine the
behaviour of seismic shear waves because shear waves carry
much more information than P-waves about the internal
structure of the rock mass and, in particular, the internal
geometry of the distributions of fluid-filled openings along
the raypath (Crampin, 1985). These distributions of cracks,
microcracks and preferentially oriented pore space are collectively known as extensive-dilatancy anisotropy, or EDA,
and the elements themselves as EDA cracks (Crampin and
. .p Lovell, 199 1; Cramin, 1993). In principle, information about
many of the crack parameters may be extracted from the
three-dimensional patterns of behaviour of shear-wave splitting, if sufficient observations of shear waves can be
obtained along appropriate raypaths. Shear waves propagating through distributions of aligned cracks contain information about crack density, crack aspect ratio (the ratio of crack
thickness to crack diameter), pore fluid properties (particularly pore fluid velocity and viscosity), effect of pore space
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polarizations for shear waves that varied continuously with
direction and did not recognize that shear-wave splitting
would occur because of the essentially anisotropic nature of
the phenomenon. Crampin (1978) adapted the formula of
Garbin and Knopoff for anisotropy and developed algebraic
formula for the elastic constants of the equivalent anisotropic
elastic solid that has the same variations of velocity as the
cracked media.

propagation through inhomogeneous two-phase materials
containing cracks would be complicated and expensive to
calculate. Thus, representing a solid, containing a distribution of aligned cracks, by the equivalent anisotropic elastic
solid is important. It allows wave propagation through a
cracked solid, in the long wavelength limit, to be simulated
by propagation through a homogeneous anisotropic elastic
solid which has the same seismic properties as the cracked
solid. Since, in most cases, seismic wavelengths are substantially greater than the dimensions of most open cracks in the
crust, which range from microns to a few metres (Crampin,
1993), the long-wave limit has wide applicability.
Note that the physics of crustal rock imply limits to the
crack density in intact rock before fragmentation occurs (see
Discussion). Consequently, the examples in this paper are
restricted to crack densities of E < 0.15 to cover the range of
physically plausible crack densities, except in very near-surface rocks. There have been several studies developing formulations for the elastic effects of parallel cracks. These differ in detail but give very similar numerical results within the
limits of E < 0.1. A series of papers by Hudson provide the
most comprehensive treatment of aligned cracks (cited in
next section). Since this paper reviews the effects of varying
crack parameters and is not intended to be a review of formulations, the examples are derived from the formulations of
Hudson. The terminology for anisotropy used in this paper is
that suggested by Crampin (1989).

Parallel cracks in an isotropic matrix
Hudson, in a series of papers (Hudson, 1980, 198 1, 1986,
1988, 1990a, b, 1991; Peacock and Hudson, 1990) has developed a number of formulations for calculating the effective
elastic constants for seismic wave propagation through distributions of aligned cracks, again based on the expressions of
Eshelby (1957). Hudson (1981) presents formulations for the
elastic constants of distributions of parallel cracks correct to
the first order in the perturbations to istropic elastic constants, where Hudson (1980) gives the second-order perturbations. Hudson (1981) also develops algebraic formula for
the variations with direction of the attenuation through the
same distribution of aligned cracks caused by scattering at
the faces of the cracks and by viscosity of the pore fluid.
There are slight differences in the notation between Hudson
(1980) and Hudson (1981). Equations (1) to (3) employ the
consistent notation of Crampin (1984), derived from Hudson.
Note that the Hudson (1980, 198 1) formulations are not
strictly valid for crack densities greater than E = 0.1,
although the general pattern of behaviour is expected to be
similar for larger crack densities. As previously noted, the
examples in this paper are for crack densities E I 0.15 to
cover the full range of possibilities.
The effective elastic constants of a cracked solid can be
written as:

FORMULATIONS FOR CALCULATING EFFECTIVE ELASTIC
CONSTANTS FOR WAVE PROPAGATION THROUGH ALIGNED
CRACKS

Nur (1971) and Anderson et al. (1974) developed expressions for the elastic constants of aligned cracks based on a
procedure suggested by Eshelby (1957). These were integral
expressions that are not easily adapted to general applications. Garbin and Knopoff (1973, 1975a, b) obtained algebraic formulae for the velocities of aligned flat cracks in the
long-wave limit when the wavelength is much greater than
the dimensions of the cracks. They determined velocities and

‘jkrnn = ’‘jkmn + ’’ jkmn f C2jkmn f

where cljkmn and C2jk~,l are, respectively, the first- and second-order perturbations of the isotropic untracked elastic
solid cojkmn. The first-order perturbations (Hudson, 198 1)
are, after Crampin (1984):
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amount of slip or strain tangential and normal to the slip
plane. These are more general formulations which agree with

and second-order perturbations (Hudson, 1980) are, after
Crampin ( 1984):

where crack density E = N a3/v, N is the number of cracks of
radius a in volume v, q = 15(&/~)~ + 28&/p) + 28, D is the
diagonal matrix (U, t , U, t, U, 1, 0, U,,, Us,) and X = 25(3x +
8/~)/(h + 2~). Further parameters needed are the aspect ratio
y = d/a, where d is the half thickness of the cracks.
Hudson (1981) shows that for cracks containing weak
isotropic material with Lame constants h’ and p’, the elements of the diagonal matrix are:
u, 1 = (4/3)[@ + 2~)/@ + p)]/( 1 + K), and

(4)

U,, = (16/3)[@ + 2~)/(3h + 4~)]/( 1 + M),
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those of Hudson (1980, 1981) for appropriate normal and
tangential slip. Since the Schoenberg formulations require a
preassigned slip, they cannot be used to model or invert specific crack distributions without appealing to formulations
such as those of Hudson.
Multiplanar cracks in an isotropic matrix
Consider a biplanar crack system whose perturbations are
specified by a and b. The elastic constants of the biplanar
system of cracks in an untracked isotropic matrix co are:
0
‘jkmn = ’jkmn ’‘*jkmn ’‘;krnn’

where K = [(K’ + (4/3)!-00YP)1[(~ + 2P)/@ + CL)], M =
[4p’/(nyp)][(h + 2p)/(3h + 4p)], K’ = h’ + (2/3&l is the
bulk modulus of the weak material, Equations (4) and (5)
model liquid-filled cracks by putting ~1’ = 0 and K’ = h’ =
2p’V’, where V is the acoustic velocity in the liquid and p’ is
the density of the pore fluid. The equations model gas-filled
cracks by putting h’ = ~1’ = 0.
The equations (1) to (5) are correct to the second order in
the perturbations to the elastic constants for distributions of
cracks with crack densities up to about E = 0.1 (Crampin,
1984) and aspect ratios up to about y = 0.3 (for E = 0.05,
Douma, 1988). Nishizawa (1982) has developed iterative
integral formulations valid for all aspect ratios (y = 0 to CQ),
but these are less easy to manipulate than the algebraic
expressions of Hudson. Nishizawa’s formulations, being iterative, are also claimed to be valid for all crack densities.
, . However, see note in the Discussion about the limits of crack
density in the crust.
Note that Crampin (1984) shows that, within the limits of
crack density E < 0.1, the approximations of Hudson (1980,
198 1) converge more slowly than those used by Garbin and
Knopoff (1973, 1975a, b). Within these limits, the sum of the
first- and second-order approximations of Hudson (1980) are
equivalent to the first-order approximations of Garbin and
Knopoff (Crampin, 1984). This means that the use of the
Hudson formulations necessitates using both first-order
(Hudson, 1981) and second-order (Hudson, 1980) approximations.
Schoenberg (1980) and Schoenberg and Douma (1988)
have developed algebraic formulations for distributions of
slip planes where the infinite planes are allowed a selected
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*
’jkmn

= c 1 jkmn = a\kmn + ‘\kmn

(6)

(7)

as the sum of the first-order perturbations of the two sets of
cracks. Following Hudson (1986), the second-order perturbation showing the interaction of the two sets of cracks (biplanar cracks) is:
c2.Jkmn

= (‘)kpq &qrs c*rsmn)/py

(8)

where

(1 - p%2)/15,

(9)

a2 = (h + 2p)/p and p2 = P/Q. The elastic constants of multiplanar systems of cracks in isotropic matrices may be
obtained by successive application of equations (6) to (9).
The above analysis uses the first-order perturbations for
parallel cracks (Hudson, 1986). The difficulty is that, as
mentioned above, these first-order perturbations (equation 2)
converge very slowly within the range of interest (E 2 O.l),
so that second-order perturbations (equation 3) are also
needed to provide an adequate representation for parallel
cracks. It would be desirable to include these second-order
perturbations for parallel cracks in the expressions for biplanar cracks as. in equation (8). Unfortunately, the correct
mathematical formulation has not yet been developed. A
plausible, but not mathematically correct, technique is to
replace the first-order perturbations in equation (7), cejkmn =
1
a jkmn ’b1jkmn7 by the sum of first- and second-order perturbations taken separately:
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*

1

’jkmn = a jkmn ’’jkmn ’a2jkmn ’h2jkmt27

0

(10)

‘jkmn = ’jkmn +<jkmn + a*jkmn ’(djkpq ’a*jkpq)

which may be rewritten as:
c.Jkmn = ea.Jkmn

Equation (17) is valid for weak anisotropy. However,
when it is possible to choose Lame constants ho and p” so
that inequality (11) is well satisfied, these formulations
appear to give reasonable answers for matrix velocityanisotropy of up to about 30% and crack anisotropy to 10%.
This technique for combining two anisotropic structures is
valid for greater values of anisotropy than first-order matrix
addition technique of Schoenberg and Muir (1989) which
Hudson and Crampin (199 1) showed was valid only for combined anisotropies of up to about 5%.
Parallel cracks with equant pore space
Thomsen (1986) develops a formulation which modifies
fluid pressure in the crack void proportional to the overall
porosity of the rock matrix, which has become known as
cracks with “equant pore space”. This modifies P-wave
velocities by introducing a larger sin(28) variation than
would otherwise be expected and modifies shear-wave splitting by slightly reducing the amplitude of the sin(40) variation of the shear wave polarized parallel to the crack face.
Discussion following the paper of Rathore and Fjaer
(1992) at the Fifth International Workshop on Seismic
Anisotropy on laboratory models of specific crack distributions suggested that a critical factor omitted from the analysis of equant pore space is the ratio of pore throat to crack
radius. The models of Rathore and Fjzr showed that for
small cracks (5.5 mm-diameter in a fine-grained synthetic
sandstone) when the ratio may be significant, the equant
porosity introduces a significant sin(28) element into the Pwave velocity, following Thomsen (1986). When the diameter is 90 mm the ratio of pore throat to crack diameter is
small so that the effect of the equant porosity becomes negligible and the crack formulations of Hudson (1980, 198 1) are
appropriate.

(11)

We define
djkmn = cajkmtt - “jkmn - (‘“jkpq - “jkpy) &up-s

(12)

so that
.O

‘;fjkmtr = ’jkmtt ’djkmn + ( dikpy x pyrs dt.smtt)i~ + ‘
(q3), t1 3,

where ?J = max( I (cajkmn - Cojkmtl) I /(it0 + 11’) 1 << 1. We see
.d.Jkmt, are the first-order perturbations for a system of cracks
in an isotropic solid with the same elastic constants as the
anisotropic solid.
Introducing a system of cracks into the anisotropic matrix
in equation (13), either by the mathematically correct a*j&,
or by the possibly more accurate a*.Jkmn = aljkmtt +
;2p.$
we have the first-order and second-order perturbations
of the cracked anisotropic solid as
djkmn -I- a*jkmn and
(djkpq

+

a*jkpq)

x pqt.s (4.,,, + a*t.sm,)/CL, respectively-

NUMERICAL EFFECTS

OF

DIFFERENT CRACK GEOMETRIES

I now calculate velocity variations for a range of crack
and matrix parameters. Some of the effects of the theoretical
response of seismic waves to varying parameters of the crack
geometry where the response is the long wavelength limit to
weak distributions of aligned cracks have been published in a
variety of journals. These include changes of aspect ratio
(Crampin et al., 1986; Douma, 1988; Douma and Crampin,
1990; Crampin, 199 1 b) and changes of pore-fluid velocity
(Crampin et al., 1990). It seems useful to review and extend
these results.

(14)
( 1 5,

The elastic constants for the cracked anisotropic solid are
then:

CJEG

(17)

/P + q13).

Hudson (199 1) shows that the interaction of the two perturbations in equation (8) allows the calculation of cracks in
a weakly anisotropic solid, ca, correct to the second-order
perturbation by specifying the anisotropic solid as the perturbations of a cracked isotropic solid, co = (ho, PO}, where ho
and p” are Lame constants and

( ca.1 SPY -CO.tVW >/P

0
+ a*jkmtt + ( (ca’
Jkiv - ’jkpq) Xpqtx a*rsmtt

+ a*jkpy xpqtx ( Catxmtr - Co.tsmn ) ’a*jkpy x pyrs a*tsmn )

Cracks in an anisotropic matrix

I ( Pjkmn - cg,,> I/( ho + 2po) << 1.

(16)

X pytx ( drsmn + a*t3mtt)/~y

and applying equations (7) and (8), as before. It is difficult to
compare these two techniques (equations 7 and 10) numerically, but it appears that the differences are small when both
cracks have similar crack densities. The second technique
using both perturbations for parallel cracks gives results
more consistent with parallel cracks when one of the crack
densities is small. Consequently, the examples in this paper
use equation ( 10).
Liu et al. (1992) use these formulations (equation 10) to
show the effects of biplanar cracks on shear-wave propagation. They demonstrate that the effects on shear waves of two
sets of vertical cracks, with crack densities &t and E* and
strikes @, and $, are very similar to those of a single set of
parallel vertical cracks with crack density E,~~ = E, + Ed with
a strike eefr = <$> = (&t+t + E.&)/(E~ +E~). This means it
may be difficult to distinguish between monoplanar and
biplanar systems of cracks by seismic techniques in field
conditions.
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waves are a quasi-P-wave and two quasi-shear waves, where
the quasi indicates that the particle motion (polarization) is
not strictly longitudinal or transverse except in particular
directions of symmetry.

Since cracks in the Earth’s crust are usually liquid-filled
and aligned perpendicular to th_e direction of minimum compressional stress, the discussion will be confined to parallel
water-filled cracks unless otherwise stated. Distributions of
parallel cracks have hexagonal symmetry, with transverse
isotropy parallel to the plane of the crack faces, and many of
the seismic properties can be summarized in the symmetry
plane through the normal to the crack face.
A single three-component record of a nearly vertically
propagating shear wave contains two measures of
anisotropy: the polarization of the leading (faster) split shear
wave, often yielding the strike of a system of near-vertical
parallel cracks, and the time delay between the split shear
waves. This time delay yields the differential shear wave
anisotropy proportional to the crack density, assuming a raypath through a uniform distribution of cracks. If there is sufficient coverage of raypaths within the shear-wave window,
two further parameters can be extracted: the asymmetry of
the pattern of polarizations, for a three-dimensional coverage
of directions of propagation, yields the dip of the crack normals; and the width of the band of parallel polarizations
across the centre of the shear-wave window contains critical
information about the crack geometry. [The shear-wave window is the solid angle of directions with angles of incidence
less than sin -l (VJV,), where recorded shear-wave waveforms on the surface are similar to the incident waveforms
(Booth and Crampin, 1985). When Poisson’s ratio is 0.25
(Vp/Vs = 1.732), the critical angle marking the edge of the
window is 35.3”.]
The effects of different crack geometries on these four
measures of anisotropy will be demonstrated for a range of
parameters listed in Table 1. Also listed are two parameters
measured from the numerical results, PSA and HPP.
Percentages of anisotropy are specified as ( (Vmax-V,i,)/Vmax}
x 100 and (P)ercentages of differential (S)hear-wave

Table 1. Parameters of solids with distributions of parallel cracks
where the cracks are water-filled unless otherwise stated.
Crack oarameters
( Measured)
Untracked matrix
Code
V,,lV, c r a c k a s p e c t Vpf$ P S A * HPP+
“p
“s
density ratio
(km/s) (Oh) (“)
(km/s) (km/s)
(4
(Y)
a) DIFFERENT CRACK
CRACKS
I1 1500
4.000 2.309
111000
I‘
“
110500
rr
IG
I1 0200
“
Ii
110100
“
I‘

1.732
“
“
“
“

0.15
0.10
0.05
0.02
0.01

15.5
10.7
5.5
2.2
1.1

37
33
31
30
30

b) DIFFERENT CRACK DENSITIES, E, FOR DRY CRACKS
I1 1500D 4.000 2.309 1.732 0.15 0.001 1.5
15.5
I1 1000D “
I’
“
0.10 “
I’
10.7
I1 0500D “
I‘
‘I
0.05 “
I‘
5.5
I1 0200D “
“
‘I
0.02 ‘I
<‘
2.2
IlOlOOD “
“
IL
0.01 Cl
“
1.1

90
90
90
90
90

c) DIFFERENT ASPECT RATIOS, y
111000
4.000 2.309 1.732 0.10
I, ,002
“
I‘
$6
‘I
1, , 0 0 5
‘I
‘I
II
66

1, ,002

“

“

I

I‘

I, ,001

“

“

“

“

0.001
“
‘I
‘I
II

0.001
0.02
0.05
0.10
0.15

1.5
“
“
I‘
“

1.5
“
“
“
“

d) DIFFERENT PORE-FLUID VELOCITIES, vPf
PllOlO 4.000 2.309 1.732 0.10 0.10 2.00
p2,0, 0 ‘I
II
(I
‘I
rr
1.75
p3,01 0 LL
L‘
‘6
‘I
L‘
1.50
p4,0, 0 I‘
6‘
II
66
‘I
1.25
p5,0, 0 “
L‘
II
II
“
1 .oo

Wnisotropy (PSA) as I [CV,,(qsl) - V~i,(~~~>llV~a~(~~,> i x

10.70
“
“
“
“

33
36
40
45
50

10.7
i‘
“
“
‘I

40
41
45
49
55

e) DIFFERENT VELOCITIES OF UNCRACKED MATRIX ROCK:
FIXED VP/V, (1.732)
100000
6.000 3.464 1.732 0.10 0.001 1.5
10.7 33
131000
5.000 2.887 I‘
I‘
“
“
“
“
I1 1000
4.000 2.309 “
L‘
“
“
“
“
141000
3.000 1.732 “
“
“
“
“
‘I
151000
2.000 1 .I55 “
“
‘I
“
“
‘I
___f) DIFFERENT VP/V, RATIOS OF UNCRACKED MATRIX ROCK:
FIXED V,, (4.0 km/s)
161000
4.0
1.6
2.5
0.10 0.001 1.5
9.5 31
171000
“
2.0
2.0
“
I‘
“
10.1 32
181000
“
2.309 1.732 “
I‘
‘I
10.7 33
191000
“
2.66 1.5
“
“
“
11.7 34
IA1000 ‘I
3 . 3 3 3 1.2
I‘
“
IL
14.4 36

100 (Crampin, 1989). The angular direction from the crack
face to the intersection of the two group-velocity surfaces is
defined as HPP, the (H)alf-width of the band of (P)arallel
(P)olarizations. Table 1 gives values of PSA and HPP measured from the diagrams. When the Vp/Vs ratio of the
untracked matrix is 1.732 (Poisson’s ratio 0.25), PSA is
, . approximately equal to the crack density, E x 100. This is
important because, since distributions of EDA cracks causing shear-wave splitting in the crust usually appear to be parallel and vertical (Crampin, 1993), it allows some measure of
the crack density to be estimated from the time delay between
the split shear waves travelling in a vertical direction.

g) DIFFERENT V l”, RATIOS OF UNCRACKED MATRIX ROCK:
FIXED V, (2.309 (m/s)
IBIOOO
5.772 2.309 2.5
0.10 0.001 1.5
9.5 3 3
ICI000
4.618 ”
2.0
”
“
“
10.1 I’
ID1000 4.000 I‘
1.732 “
I’
”
10.7 GL
IElOOO
3.464 “
1.5
“
”
‘I
11.7 “ *
IF1000
2.771 “
1.2
“
“
“
14.4 I‘
-___
$ pore-fluid velocity;
* (P)ercentage of differential (S)hear-(W)ave anisotropy;
+ (H)alfwidth of the band of (P)arallel (P)olarizations in degrees.

Variation with crack density, E, of parallel water-filled
cracks
Figure la shows the phase and group velocities of the
three body waves propagating through distributions of parallel water-filled cracks with crack densities E = 0.15, 0.10,
0.05, 0.02 and 0.01 in an isotropic untracked matrix rock.
The parameters are given in Table la. Velocities are shown
for angles from the normal to the crack faces. The three body
CJEG
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The two shear-wave surfaces in hexagonal symmetry may
be considered as intersecting (along a line singularity)
(Crampin, 1993), where the shear waves in Figure la can be
identified as SP and SR, polarized (P)arallel and at (R)ight
angles to the plane of propagation through the normal to the
crack faces. In other anisotropic symmetries, the shear waves
are identified as faster and slower split shear waves, qsl and
qs2, respectively, and the two sheets do not intersect but
come into contact only at kiss and point singularities
(Crampin, 1989).
The line just above the intersection of the two split shear
waves in Figure la (seen most clearly for the largest
anisotropies, E = 0.10 and 0.15) joins the two group-velocity
sheets and marks the position of an incipient cuspoidal feature. This cuspoidal feature is transparent (nonexistent) for
purely hexagonal symmetry when the two shear-wave surfaces intersect, but when the hexagonal symmetry is perturbed in any way the faster and slower sheets at the line singularity pull apart. The line marks the position of
complicated behaviour of the group-velocity surfaces at such
pull-apart line-singularities, which can in some circumstances cause anomalous shear wave behaviour (Crampin,
199 la; Wild and Crampin, 199 1).
In Figure la percentages of both P-wave anisotropy and
differential shear wave anisotropy (PSA) increase linearly
with increasing crack density and the overall patterns of
behaviour are very similar except that the deviation of the
group- and phase-velocity directions increases with increasing anisotropy and this modifies the directions of the linesingularity, although by comparatively small amounts.
Note the incipient cusp in the SP-wave group-velocity
sheet for a crack density E = 0.15, which can be seen to be
developing with increasing crack density as the group-velocity sheet folds into itself at more acute angles.
Variation with crack density, E, of parallel dry cracks
Figure lb shows similar velocity variations for distributions of parallel dry (gas-filled) cracks with parameters in
Table lb. The variations are similar to those for water-filled
cracks with large aspect ratios in Figure 3, below, or with
low pore-fluid velocity in Figure 5 below. These figures also
show substantial sin(28) P-wave velocity variations and
almost constant velocity SP-waves. The velocity variations
of SR-waves, polarized normal to the crack faces, is
unchanged to the second order by the different pore content.
The effects for larger aspect ratio cracks can be calculated
with the formulations of Nishizawa (1982), and Crampin
(199 1 b) has shown that for aspect ratios larger than about E =
0.2 the amount of sin(28) variation decreases with increasing
aspect ratio until the material becomes isotropic, when the
pores become spherical.
The other important difference between liquid- and gasfilled cracks is that for gas-filled cracks, the two shear-wave
surfaces with different polarizations are entirely separate

CJEG

except for propagation in directions close to the kiss singularity along the symmetry axis where the two shear-wave
sheets touch tangentially (Crampin, 1989). The polarizations
of the leading split shear wave are parallel to the crack strike
of vertical cracks for the whole hemisphere of directions.
This absence of the intersection of the two sheets removes a
diagnostic parameter (HPP in Table 1) from the three-dimensional pattern of behaviour so that gas-filled cracks are, to
the second order, insensitive to small variations of aspect
ratio and gas type. It is useful that fluid-filled cracks in the
crust usually appear to be filled with liquids rather than gas,
so that there is the possibility that the diagnostic measure
HPP may have some application. The remainder of the paper
will consider only water-filled cracks.
Orientation and dip of distributions of parallel waterfilled cracks
Figure 2 shows the horizontal projections of the polarizations of the leading (faster) split shear wave and contoured
time delays between the split shear waves, normalized to
ms/km through distributions of thin parallel water-filled
cracks with crack density E = 0.05. They are shown as equalarea polar maps of a hemisphere of raypath directions, where
vertical propagation corresponds to the centre of each projection and horizontal propagation is at the edge at the appropriate azimuth. The cracks strike east-west and are aligned vertically and dipping 80”, 60”, 30” and 0” from the horizontal
crack faces vertical and at lo”, 30”, 60” and 90”, respectively,
from the vertical.
The diagram at the top of Figure 2, for propagation
through vertical cracks, shows that the polarizations of the
faster split shear waves are parallel to the strike of the cracks
for all angles of incidence within the shear wave window
with the maximum time delay across the centre of the window. When the crack face is 10” from the vertical (80” dip)
there is a small segment of approximately orthogonal polarizations on the edge of the shear wave window. This segment
of orthogonal polarizations progressively increases with
decreasing dip. This means that, if there are sufficient raypaths recorded to identify the direction of the change of
polarization, the angle of dip can be estimated from the
behaviour of the shear waves.
Variation with aspect ratios, y, of parallel water-filled
cracks
Figure 3 shows the velocity variations for propagation distributions of parallel water-filled cracks with crack density
E = 0.10 with a range of aspect ratios y = d/a = 0.001, 0.02,
0.05, 0.10 and 0.015 (that is l/1000, l/50, l/20, l/10 and
l/6.7, respectively). The parameters are in Table lc. The
velocity variations of the SR-wave with polarizations normal
to the crack faces is insensitive to changes in aspect ratio and
the amplitude of the variation of the SP-wave polarized parallel to the crack faces decreases with increasing aspect ratio.
This can be quantified by the angle of intersection of the two
(group-velocity) shear waves with the plane of the crack
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Fig. 1. Velocity variations with angle from the crack normal of body waves propagating through distributions of small thin parallel cracks
in an isotropic rock for a range of crack densities, E = 0.15, 0.10, 0.05, 0.02 and 0.1: (a) water-filled cracks with parameters given in Table
1 a; (b) dry (gas-filled) cracks with parameters given in Table 1 b. The waves are a quasi-P-wave and two quasi-shear waves, SP polarized (P)arallel and SR polarized at (R)ight angles to the plane through the crack normal. The solid curves are phase velocity and the
dashed curves are group velocity joined to the appropriate phase velocity every 10” of phase velocity direction.
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faces (HPP in Table lb). The largest alteration in the pattern
of variations is the increase of HPP with increase in aspect
ratio. Within the range of aspect ratios shown in the figure,
the difference in the velocities of the two split shear waves
decreases in directions encircling the crack normal until for
aspect ratios of y = 0.15 there is a wide solid angle of directions normal to the crack face, over 80” in diameter, where
the two split shear waves have almost identical velocities and
there is no shear-wave splitting.
Changes in aspect ratio alter the three-dimensional pattern
of behaviour of shear-wave splitting. Figure 4 shows the
variation of behaviour in polar maps of hemispheres of directions similar to those of Figure 2. As the aspect ratio
increases, the band of parallel polarizations across the shearwave window increases in width (most clearly seen in the
north-south sections) and the time delay around the crack
normal (due north) decreases. The diagnostic phenomenon is
the direction of the intersection of the two shear-wave sheets
with orthogonal polarizations (HPP in Table lc) and the
increasing time delay towards the edge of the shear-wave
window. It would be difficult to identify these features in any
static situation, but if the aspect ratios change with time, with
imposed stress or with pore-pressure changes, it should be
possible to recognize the change if there are sufficient
source-to-geophone raypaths. It has been suggested that a
combination of both these features caused changes in shearwave splitting before and after the M = 6 North Palm Spring
earthquake of 1986 (Crampin et al., 1990).
The velocity variations of P-waves also show marked
changes with aspect ratio in Figure 3. The velocity variations
change from an almost purely sin(40) variation for thin
cracks to increasing sin(28) contributions as the aspect ratio
increases. Crampin (1991b) shows that the sin(28) contribution increases to a maximum at about y = 0.2 and then
decreases with increasing aspect ratio until it becomes constant (isotropic) when the cracks are spherical. This change
in response of P-waves to changing aspect ratios may be one
of the factors causing the change in response during fire
floods in enhanced oil recovery experiments (Greaves and
Fulp, 1987; and others).
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Variation with pore-fluid velocity, Vpf
Figure 5 shows velocity variations for propagation through
distributions of parallel cracks with crack density E = 0.10,
aspect ratio y = 0.10 and pore-fluid velocities of Vpf = 2.0,
1.75, 1.5, 1.25 and 1 .OO km/s. The parameters are listed in
Table Id. The effects of decreasing Vpf are similar to the
effects of increasing aspect ratio both in increasing the
sin(2B) contribution to the P-wave velocity variation and in
increasing HPP for shear waves. These are comparatively
subtle changes which would be observable if temporal
changes occurred so that shear-wave splitting could be compared along approximately similar raypaths (Crampin et al.,
1990).

S

Fig. 2. Equal-area polar projections of the three-dimensional pattern
of behaviour of shear waves propagating through parallel water-filled
cracks with crack density E = 0.05 striking east-west at a range of
dips, from the top of 90”, 80’, 60’, 30” and 0”, with the parameters in
Table 1 a. Left-hand side shows horizontal projections of the polarization of the faster split shear wave; right-hand side shows contoured
time delays between the split shear waves normalized to ms/km and
centre shows a north-south section of the contoured time delays. The
inner circle marks the shear-wave window of 35.3”.
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DEGREES FROM CRACK NORMAL
Fig. 3. Velocity variations of body waves propagating through parallel water-filled cracks with a range of aspect ratios, y = 0.001,
0.02, 0.05, 0.010 and 0.15, and a fixed crack density of E = 0.10. Other parameters in Table ic. Notation as in Figure 1.

CRACK GEOMETRY

IN A

VARIETY

OF

wave velocity varies inversely with the V$V, ratio. The larger
anisotropy occurs when the VP/V3 ratio is low and the shearwave velocity is high, so that the larger percentage is of a
larger velocity and the effects of increasing anisotropy
results in a larger differential velocity variation: 0.2 km/s for
V,,,IVs = 2.5 and 0.5 km/s for Vp/Vs = 1.2. The increase of
HPP in Table If is wholly due to the increasing deviation of
phase- and group-velocity directions with increasing
anisotropy and increasing velocity.

ISOTROPIC ROCKS

As might be expected, the elastic behaviour of distributions of cracks in an isotropic matrix rock depends on the
parameters of matrix rock; thus, the effects of the crack
geometry may depend critically on the properties of the
matrix rock.
Variation with velocities of untracked matrix rock: fixed
VP/V, (1.732)
Figure 6 shows the velocity variations for a range of
P-wave velocities, VP = 6.0, 5.0, 4.0, 3.0 and 2.0 km/s with a
constant Vp/Vx ratio of 1.732. The parameters are listed in
Table le. The VpiVs ratio controls the measured PSA and
HPP, so that with a constant Vp/Vs ratio there is negligible
variation with varying matrix velocity and variation of the
velocities in each diagram differ by a constant multiplier
from each other.

Variation with V’,/Vs ratio of untracked matrix rock:
fixed V, (2.309 km/s)
Figure 7b shows velocity variations for a constant shearwave velocity of 2.309 km/s with the same Vp/Vs ratios with
the parameters in Table lg. The variation in the percentage
of shear-wave anisotropy, PSA, is identical to that for the
constant P-wave velocity and, because the absolute shearwave velocity varies very little, HPP is almost constant.
Despite the range of absolute velocities in Figures 7a and
7b, the differential shear-wave anisotropies (PSA in Tables
If and lg, respectively) show identical variations with VAV’
ratio in the two figures. These variations of PSA cover the
development of a cusp on the SP-wave sheet in both Figure
7a and Figure 7b.

Variation with V /V, ratio of untracked matrix rock:
fixed VP (4.0 km/!)
Figure 7a shows velocity variations for a constant P-wave
velocity of 4 km/s but varying VP/V, ratio from 2.5 to 1.2.
The parameters are listed in Table If. The level of shear-
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The velocity variations in Figure 7 show substantial difference for different matrix velocities and Vp/Vs ratios. This
makes the relationship between the diagnostic measures of
anisotropy, PSA and HPP, critically dependent on both Pand S-wave velocities and the V,,/Vs ratio of the matrix rock.
EFFECTS
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Fig. 4. Equal-area projections of behaviour of body waves propagating through the parallel water-filled cracks of Figure 3 for the same
range of aspect ratios. Notation as in Figure 2.
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BIPLANAR CRACKS

Figure 8 shows the three-dimensional patterns of
behaviour in equal-area projections over a hemisphere of
directions of the variations of shear waves propagating at the
group velocity through a distribution of biplanar vertical
cracks with a variety of conjugate angles (angles of separation). The crack densities are E, = 0.05 and Ed = 0.025 with
the major crack system striking east-west and conjugate
angles of A 8 = (0, - 0,) = 0”, 22.5”, 45”, 67.5” and 90”. Also
shown are equal-area rose diagrams of the polarizations
within the shear-wave window, which summarize the
expected polarizations of shear waves observed at the surface. Note that, except when the cracks are orthogonal, the
biplanar cracks in Figure 8 have monoclinic symmetry,
where the only symmetry plane is normal to the direction of
intersection. Velocity variations in nonsymmetry planes are
difficult to interpret and are not shown.
The rose diagrams and polarizations and time delays
within the shear wave window all show effects very similar
to those of a system of parallel cracks with a crack density
approximately the sum of the individual crack densities and
with a strike approximately the crack-density-weighted mean
of the individual strikes (Liu et al., 1992). It would be possible to identify the relative relationships of the biplanar system if sufficient directions of propagation are sampled within
the shear-wave window or sufficient directions are sampled
subsurface in uniform rocks. In the Earth such uniform rocks
and sufficient sampling seldom if ever exist, and the effects
along a small number of raypaths could easily be mistaken
for parallel cracks with a strike very close to the strike
expected for parallel cracks.
The behaviour of multiplanar cracks can be assembled by
multiple applications of biplanar systems of cracks. The scatter of petals in the rose diagrams of Figure 8, and in Liu et al.
(1992), are very similar to the scatter of shear wave polarizations observed above earthquakes, for example in Chen et al.
(1987). This may indicate that one of the possible causes of
the scatter of polarizations observed above earthquakes is
propagation through biplanar and multiplanar systems of
cracks, although the interaction of shear waves with irregular
topography near the recorder is certainly the major cause of
the scatter (Graham and Crampin, 1993).
[Note that shear wave propagation in hexagonal symmetry
varies smoothly in both phase- and group-velocity variations,
and the equal-area projections in Figures 2 and 4 are of prop,agation in hexagonal symmetry and show the behaviour of
shear waves propagating at the phase velocity. This simple
behaviour generalizes when hexagonal symmetry is perturbed, as it is in biplanar systems of cracks which generally

i60
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‘60
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have monoclinic symmetry. The relationship of phase and
group velocity may become very complicated, as can be seen
in Crampin (1991a) and Wild and Crampin (199 1). There are
point singularities (Crampin, 1989) overlapping cuspoidal
lids, fins and ridges of great complexity which available contouring programs are not capable of plotting realistically.
Consequently, the contour diagrams in Figure 7 show irregularities. They could be smoothed by averaging processes but
this would be misleading as the surfaces are not at all smooth
(Wild and Crampin, 199 1) and this has not been done.]

distributions in the crust probably have relatively limited
variations (nearly vertical cracks; E I 0.1; y I 0.2; Vf about
1.5; VJV, usually between 1.2 and 2.0) and the effects are
relatively linear.
In principle, there are two measures of anisotropy that can
be extracted immediately from shear-wave propagation in a
nearly vertical direction: the polarization of the leading split
shear wave and the percentage of the differential shear-wave
anisotropy (PSA). These have a direct relationship with the
distributions of cracks, if parallel cracks can be assumed.
The polarization of the leading split shear wave approximates to the strike of the vertical cracks, and percentage of
shear-wave anisotropy (PSA) is proportional to the crack
density along the raypath.
A third measure, the halfwidth of the band of parallel
polarizations about a vertical direction (HPP), can be
extracted if sufficient raypaths sample the shear-wave window at the surface or sample a hemisphere of directions subsurface. If distributions of parallel cracks can be assumed,
HPP varies with aspect ratio of the cracks and with porefluid velocity and any asymmetry of the behaviour within the
shear-wave window can specify the dip of the parallel
cracks.
Note that critical assumptions must be made before such

D ISCUSSION

Figures 1 to 5 demonstrate the effects on shear waves (in
the long wavelength limit) of varying some of the parameters
of weak distributions of cracks in an isotropic matrix rock.
The parameters varied are crack orientation, crack density,
aspect ratio and pore-fluid velocity. Figures 6 and 7 demonstrate the effects of cracks distributions with fixed parameters on different isotropic matrix rocks, with variations of VP,
Vs and VJV,. Figure 8 shows the effects of biplanar vertical
cracks at various conjugate angles. These effects have been
shown by varying one parameter at a time, as space is limited. This is probably not too serious a limitation. The crack
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Fig. 5. Velocity variations of body waves propagating through parallel water-filled cracks with a range of pore-fluid velocities, VP’=
2.0, 1.75, 1.5, 1.25 and 1 .O and fixed crack density, E = 0.1, and fixed aspect ratio, y = 0.1. Parameters in Table Id. Notation as in
Figure 1.
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Fig. 6. Velocity variations of body waves propagating through parallel water-filled cracks with fixed crack density, E = 0.1, and
fixed aspect ratio, y = 0.001, in isotropic rocks with a range of P-wave velocities, 5 = 6.0, 5.0, 4.0, 3.0 and 2.0 km/s and a constant V& ratio of 1.732. Parameters in Table 1 e. Notation as in Figure 1.

interpretations can be made, particularly in interpreting HPP.
There is mounting evidence (Crampin, 1993) that anisotropy
of sedimentary basins is a combination of azimuthal isotropy
due to periodic thin layering (PTL anisotropy) or lithology,
and the azimuthal anisotropy due to stress-aligned cracks,
microcracks and preferentially oriented pore space (EDA
anisotropy). (Since lithologic and thin-layer anisotropy are
found in similar curcumstances in sedimentary basins and
have similar velocity variations they will be referred to collectively as PTL anisotropy). Such combinations of PTL and
. EDA anisotropy yield orthorhombic symmetry with patterns
of rose diagrams, polarizations and time delays within the
shear-wave window (Wild and Crampin, 1991) which are
very similar to those of biplanar cracks, as in Figure 8 for
example. However, it is likely that assumptions of biplanar
(or multiplanar) EDA cracks and combinations of PTL and
EDA anisotropy can, in many cases, be made by location.
PTL anisotropy, whether caused by thin layering or lithology, is only common in sedimentary basins and is not likely
to be found in metamorphic or igneous rocks. In contrast,
distributions of biplanar EDA cracks are expected in almost
any hard rock, certainly at the surface. The present evidence
suggests that most cracks at depth are oriented approximately normal to the minimum compressional stress

CJEG

(Crampin and Lovell, 1991).
Figures 6 and 7 demonstrate the important effect that the
Vp/Vs ratio has on the relationship between crack density and
the percentage shear-wave anisotropy (PSA). the V,JV, ratio
controls the relationship between crack density and shearwave anisotropy. Figure 6 (Table le) shows that PSA is
approximately E x 100 for a wide range of P-wave velocities
when V,IVs = 1.732; whereas, comparison of Figures 7a and
7b and Tables If and Ig shows that PSA is fixed for constant
crack density if V,,/Vs is constant, regardless of the velocities
of the isotropic matrix rock.
The limit of validity of Hudson’s formulations to E 5 0.1 is
probably not important in practice since it is close to the
limit to the number of cracks for which an in-situ rock can
still remain intact. For a crack density, E = 0.1, each unit volume contains a crack of diameter 0.93 and this is clearly near
the limit of fragmentation of the rock mass. The only occasions when much larger crack densities have been indicated
were for P-wave propagation in limestone pavements pervaded by massive joints and fractures (Crampin et al., 1980).
In such stress-relieved surface rocks, the rock mass is clearly
not intact. Crack densities estimated for the in-situ rock mass
well within the crust are usually up to about E = 0.05 in a
wide range of rock types, with occasional claims of E = 0.1.
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Fig. 7. Velocity variations of body waves propagating through parallel water-filled cracks with fixed crack density, E = 0.1, and fixed
aspect ratio, y = 0.001, in isotropic rocks with a range of VJs ratios, Vp/Vs = 2.5, 2.0, 1.732, 1.5 and 1.2. (a) Fixed P-wave velocity, 4
km/s, with parameters in Table If and (b) fixed S-wave velocity, 2.309 km/s, with parameters in Table lg. Notation as in Figure 1.
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This limited range probably marks the limited crack/fracture
density in an intact in-situ rock mass (Crampin, 1993). Any
greater crack density would result in fragmentation of the
rock mass with consequent dispersion of pore fluids. Once
pore-fluid pressure relieved, crack healing would take place
with a lowering of the effective crack density. A crack density of E = 0.1 is also the upper limit of crack density
observed in the crust, except for very near-surface observations where the rock cannot be considered as intact (Crampin
and Lovell, 1991).
Note also that pore-fluid velocity Vpfmay be important for
using HPP to infer crack parameters. Except for Figure 5, the
calculations throughout have assumed water at surface temperature and pressure so that vpf = 1.5 km/s. The acoustic
velocity of water varies with high temperatures and pressures
and other fluids are possible in particular circumstances with
different acoustic velocities.
Shear-wave splitting and seismic anisotropy are common,
if not universal, properties of most sedimentary, metamorphic and igneous rocks in the crust (Crampin and Lovell,
1991). The effects of propagation through stress-aligned
cracks enables this anisotropy to be interpreted in terms of
the detailed internal structure of the rock mass.
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