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A vector convolutional model for multicomponent data acquired in an anisotropic earth
is used as a basis for developing algebraic solutions to interpret near-offset VSP data. This
interpretation of the cumulative or interval medium response (Green’s tensor) for shear
waves, determines a polarization azimuth for the leading shear wave and the time-delay
between the fast and slow split waves. The algebraic solutions effectively implement leastsquares eigenanalysis or singular value decomposition. Although the methodology for shearwave analysis is strictly relevant to a transmission response, it can be adapted to surface data
for a uniform anisotropic overburden. The techniques perform well when calibrated and
tested using synthetic seismograms from various anisotropic models. Noise tests demonstrate
the sensitivity of the interval measurements to local interferences, particularly if the shear
waves are generated by one source. Although the algorithms are faster than numerical search
routines, this is not seen as their major advantage. The solutions may have potential in near
real-time interpretation of shear-wave data in well logging, where they may be coded on a
microchip to provide a direct stream of separated shear waves, or polarization and birefringence information. There may also be some benefit for large prestack multicomponent surface
data sets, where the solutions provide a direct transformation to the split-shear-wave components, reducing the storage space for further processing.
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1. INTX~DLJCTION
Over recent years, multicomponent data acquired using vertically and horizontally
polarized sources and three-component receivers, have gained acceptance as a way
of providing direct measurements of previously inaccessible physical properties of
subsurface rocks (Tatham and McCormack 1991). These vector wavefield data, if
interpreted using the phenomenon of anisotropy, can provide detailed information
about the internal stress- and crack-geometry within a reservoir (Crampin and
Love11 1991). It has now become comparatively common in shear-wave exploration
to determine the polarization direction of the leading shear wave (&?I) and the traveltime delay between this and the slow split shear wave (4S2), which may give direct
indications of the orientation and strength of the anisotropy. Many techniques have
been developed in recent years to permit visualization and estimation of these shearwave attributes. The majority of these analysis techniques rely implicitly on a convolutional equation for wave propagation through a uniform anisotropic solid
(Queen and Rizer 1990; MacBeth and Yardley 1992; Zeng and MacBeth 1993). This
vector convolutional model can be derived by factorizing the anisotropic reflectivity
expressions for full waves and point sources (Fryer and Frazer 1984), keeping only
the essential characteristics of the anisotropic model which affect the most salient
features of the wave propagation. In this respect, estimation of the shear-wave
attributes is model-based or parametric, as it is carried out using known matrix
equations for anisotropic wave propagation through a horizontal plane-layered
structure. Here, it is shown how VSP data acquired using single, dual or multiple
vector sources can be analysed using the vector convolutional model.
The measurement of seismic anisotropy is separated into two parts. Firstly, an
estimate of the directional response of the medium must be obtained. For downgoing waves this consists of a 2 x 2 matrix for the shear waves or a 3 x 3 matrix if
the anisotropic P-wave (qP) is considered. These have time-varying components and
can be estimated using wavefield measurements taken over a cumulative path
between the source and recording level or a depth interval between two recording
levels. Estimates for either type of matrix function can be determined from singlesource, dual-source or multisource data. The second stage involves interpreting this
matrix function for anisotropy. It is possible to combine both stages of the approach
into one algorithm when the data quality is good. Examples of techniques based on
cumulative response are the numerical rotation of Alford (1986) or the transformation scheme of Li and Crampin (1991a,b, 1993). In these techniques we must
assume that the medium anisotropy between the source and recording level is
homogeneous. These anisotropy estimates tend to be stable but are inaccurate for
vertical inhomogeneity in the medium. Interval techniques offer the alternate
approach and shift the assumption of uniformity to a local region around neighbouring recording levels, apparently avoiding near-surface complications. The
medium inhomogeneity is now better resolved, although the measurements are more
susceptible to noise. Such an approach is allied to past VSP processing (Hardage
1983) and has been developed by a variety of authors (Naville 1986; Nicoletis, Cliet
and Lefeuvre 1988; Esmersoy 1990; Lefeuvre et al. 1992). The contribution of our
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present work is to introduce the vector convolutional model and show how this
may be used in the second stage of anisotropic estimation to interpret the medium
response using algebraic solutions. For completeness, Appendix A also shows additional even-determined solutions for single-source data.
2. B A C K G R O U N D T H E O R Y
2.1. Vector convolutional model for wave propagation through an anisotropic
so lid
2.1.1. Shear-wave transmission. For clarity of description we describe only shear-

wave propagation in this section. The bases for the convolutional model are the
usual assumptions inherent in the scalar convolutional model: a linear elastic earth
response, and a seismic source exciting linear motion s(t) in a specific direction. To
simplify the mathematics of the wave propagation to a level where it can be conveniently applied as a processing tool, we consider normal incidence in an anisotropic
medium in which there is a horizontal plane of mirror symmetry. Normal incidence
is not a restriction of the convolutional model, and more complicated adaptions are
possible if the raypaths do not pass near shear-wave point singularity directions. We
also require the further assumption that only far-field terms (Aki and Richards 1980)
provide significant amplitude, with no contributions from near-field scattering or
free-surface interactions. This theory is therefore strictly relevant for a 1D model of
the earth, and consequently neglects medium inhomogeneities, dipping layers, nearsource or local scattering.
The scalar displacement of a wave excited by a point force acting in a homogenous medium may be written in the time domain as

d(t) = A&t - z)*B(t)*s(t)/r

(1)

and in the frequency domain as
D(m) = A exp (-ior) exp (-or/2VQ)S(cu)/r,

(2)

where z is the traveltime (r/V) of the source wavelet s(t) from the seismic source
at the origin, r is the total distance travelled and V is the group velocity of the wave.
The attenuation operator B(t) is dependent on the quality factor Q, and A is a
constant amplitude factor. The asterisk denotes a convolution in the time domain or
multiplication in the frequency domain. Equation (1) can be changed to accommodate the directly travelling vector wavefield from a point source in the far-field of an
isotropic medium, giving
d(t) = A6(t - r)*B(t)*s(t)/r,

(3)

where the initial source polarization is given by the vector s(t) and is preserved by a
homogeneous medium.
The major complication in developing (3) for shear data for anisotropy lies in the
geometric arrangement of the acquisition coordinate frame relative to the permissible polarization directions (eigenvectors) of the anisotropic medium, denoted
by f (fast) and s (slow) axes, the directions of source motion, and the geophone axes.
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Some of these geometric complexities are noted by Thomsen (1988). For simplicity
we align the geophone axes along in-line (X) and cross-line (Y) directions, and
assume a polarization azimuth, 8, for the leading shear wave measured clockwise
from thef-axis) (Fig. 1). The source polarization is defined by

s(t) = (sx(O
SYM >
where sx(t) and sdt) are the in-line and cross-line components (Fig. 1). These source
components excite waves polarized along the orthogonal fast and slow directions (fand s-axes), giving the corresponding qS1 and qS2 waves with relative magnitudes
dependent on 0. As all coordinate frames are orthogonal, the components of source
motion along thef- and s-axes can be written by the vector s,(t), given by
s,(t) = CTOs(t) Y

(5)

where C(0) is the rotation matrix given by
e

sin 8

-sin0

c0se

cos

c(e) =

(6)

1’
and the superscript T denotes a matrix transpose. Propagation of the quasi-shear
waves along the f- and s-axes can now be visualized by separate applications of (3)
with different amplitudes, velocities and quality factors for qS1 and qS2. The resultant displacement vector d,(t) in the f- and s-axes can be conveniently expressed by
{
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FIG. 1. Coordinate system in horizontal plane (X-Y) used in vector convolutional model for
shear-wave splitting. Geophone axes Gx and G, align along in-line (X) and cross-line (Y)
directions. The general source motion s(t) has in-line and cross-line components s&) and
s&). The axes labelled f (fast) and s (slow) correspond to the polarization directions of qS1
and qS2 waves respectively. 8 is the angle which thejlaxis makes with the in-line direction.
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the tensor operation
d,(t) = ~,(o*-w’u9mlY
where the operator A,(t) is given by

(8)
In the time domain, &(t) and &(t) convolve with the source wavelet s(t) to produce
the amplitude, time-shift and attenuation given by (l), appropriate to the fast or
slow arrival: n,(t)*@) = A,B(t)*s(t - rJr, with a similar expression for n,(t). For an
isotropic medium, &(t) = n,(t) = A(t). Transforming d,(t) back into the coordinate
frame specified by the geophone axes we obtain the displacement, d(t) = (d,(t),
~&(t))~, recorded on the in-line (X) and cross-line (Y) geophone components, and
thus
d(t) = W)d,(O = wA,(o* { CT(@s(O} = {w)~,(ocT(e)} *s(t),
or with its independent variables,
d(t) = {WA,@; q Y 7, Y Af 7 4)CT(B))*s(o + n(Q

(9)
(10)

A noise term n(t) is included to represent random or locally generated interferences.
It is assumed that the attenuation operator B(t) is the same for both qS1 and qS2
waves with any major differences being absorbed into the constant amplitude terms,
then a common scalar factor d,(t) = A, B(t)S(t - zf)/r can be factorized from the
operator A&t), as C(0) is independent of time, and
d(t) = do@; zf , A,)*{(C(B)A(t; AT, AA)CT(B))*s(t) + n(t),

(11)

where A(t) is now a function of time t, the time-delay, AT = zf - r,, and the relative
amplitude, A.A = A, /A,, between qS1 and qS2. Equation (11) should be compared
to (3) so that it may be recognized that only the terms in the curly brackets contain
modifications to the isotropic wavefield for shear-wave splitting. Note that the effects
of anistropy are not completely factorized out using d,(t), as it contains the anisotropic velocity and amplitude variations for qS1. In an isotropic medium the terms
in curly brackets will reduce to a unit matrix and (3) will effectively be recovered.
2.1.2. General nine-component transmission response. Equation (11) can be generalized for a nine-component offset VSP, recording the three-component motion d;(t)
at depth level i from a general three-component source motion s’(t) (Zeng and
MacBeth 1993), thus
ai(t) = do(t)*{CG*Wi(t)*Cs*d(t) + ni(t),

(12)

or
dj(t) = d,(t)*{MF(t)}*sj(t) + n!(t).
(13)
The 3 x 3 matrices C, and Cs are independent of time and the subsurface layering,
being a function of the local polarization vectors. They convert the wavefield amplitudes into the recorded geophone displacements (or strictly speaking velocities or
voltage) and the multicomponent source vector d(t) into the wave amplitudes,
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respectively. In general, for orthogonal qP, qS1 and qS2 polarizations, Co and C,
are non-commutative products of 3 x 3 rotation matrices. If the polarizations of
these waves are inherently non-orthogonal, due to the deviation of the group and
phase velocity directions, or apparently non-orthogonal due to oblique incidence,
then C, is a matrix of the individual unit polarization vectors and C, is its inverse.
These can be analysed to determine the polarization directions in offset VSPs (Li,
Crampin and MacBeth 1993). The 3 x 3 matrix Wi(t) represents the reflection and
transmission properties of the wavefield components, and for direct transmission
through a half-space, W,(t) = A(t). For a non-uniform medium, the one-way
(transmission) response Wit) contains propagation terms for up- and down-going
qP, qS1 and qS2 components and A(t) becomes a 6 x 6 matrix, with C, a 3 x 6
matrix and Cs a 6 x 3 matrix. The cumulative function M:(t) represents the aggregate impulse response of the layering between source and a particular recording
level i.
2.1.3. Interval response. In situations where the approximation of a uniform and

homogeneous anisotropy is not appropriate due to recognized inhomogeneity, it is
possible to adapt (13) to define a more suitable local estimate of the displacement
transfer matrix M’i+ 1 i(t) = MF+ ,(t)*{Mc(t)) -’ between the i + 1 and ith levels, or
several recording levels. The optimum spacing of these levels depends upon the
noise in the records, the particular type of arrivals measured, and the anisotropic
properties of the medium. For the simplest case of this type the recorded displacement at level i acts as an effective source for the recordings at level i + 1. If the noise
is uncorrelated between levels so that it is essentially non-propagative, then
dj+

l(t)

= M:+ ,,i(t)*dj(t) + ni+ 1,

with the source function s(t) (assumed consistent for both levels) being deconvolved
from the expression. However, if the noise is an interfering arrival or set of arrivals
from local scattering, with significant vertical slowness across the levels, then we
must rewrite (14) as
di, 1 = M:+ Jt)*{dj(t) - ni} + ni+ 1.

(15)

Spencer, Sonnad and Butler (1982) and Raikes and White (1984) show the distorting
effects of this type of noise on attenuation measurements. This noise is discussed
further in Section 3.5, when the performance of our estimation techniques is evaluated. With the assumption of homogeneity localized around the recording levels, we
may use (11) to define
Mf+ i,Xt) = di+ l(t)*di ‘(t)*{(C(O)A(t; AZ, AA)CT(0))*

(16)

Ar will be much smaller than the value for the cumulative path.
2.1.4. Primary reflection response. Equation (12) can be adapted for surface data
to represent a primary reflection from a horizontal interface k imbedded in an anisotropic medium, thus
d&t) = d,(t)*{C,*Mi(t)*C,}*sj(t) + nk(t).,

(17)

where the scalar term dk(t) now relates to the two-way traveltime of the leading
shear-wave, and the reflection response ML(t) may be related to transmission
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responses for the up- and down-going wavefield Mb&) and lV&(t). In the absence of
multiples, M;(t) = Mbk(t)*Rk*Mbk(t) (MacBeth and Yardley 1992), which may be
simplified when the reciprocity theorem Mb&t) = {M’,&)}T is appropriate (MacBeth
et al. 1992). The data matrix formed by grouping displacements from orthogonal
and balanced sources is always symmetric when the reflection matrix R, is symmetric or diagonal. This is likely to be the case for a horizontal plane reflector with
velocity contrast Q/V, + 1 > 0.8 (Li and Crampin 1993). For a homogeneous layer
above the reflector Mb&) = M&(t) = Ak(t), and the central term of (17) can be
replaced by the diagonal matrix K;(t) = Ak( t)Rk Ak(t) , giving
d&t) = d,(t)*{C,*A;(t)*Cs}*sj(t) + nj(t).

(18)
If the relative decay terms for qP, 4Sl and 4S2 are small and & is close to unity
so that only phase delay terms are present in the curly brackets, then the combination of matrix operators in surface and VSP data is close to unitary. In practice,
it is unlikely that this will be the case for MC(t) but it may be a good approximation
in VSPs for M’(t).
2.2. Single-source estimates of M’(t)
In a marine survey or explosion on land, converted, shear waves are excited by a
single-source polarization. Assuming that both 4Sl and 4S2 waves have vertical
moveout across the recording levels, it is possible to make anisotropy measurements
from a group of three or more geophone levels by applying linear (Cho and Spencer
1992) or non-linear parametric (Esmersoy 1990) array processing techniques. The
recording level i acts as an effective source for at least two lower recording levels at
i + 1 and i + 2, with M’(t) defined as the common matrix operator linking adjacent
recordings. The recording levels must sample a consistent wavefield at equal spatial
intervals (although equal intervals are not crucial). For n closely spaced levels sampling a downgoing wave we may write
{di+l(t)ldi+2(t)l

’

l
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or

Dk+ l(t) = M’(O*D,W + N(t),

W)

which for more than three levels gives an overdetermined matrix equation. The
D-matrices represent a grouping of the vectorial displacements dJt). It is also possible to include up- and downgoing events propagating across the array (Cho and
Spencer 1992). It is straightforward to obtain a damped least-squares solution of
(19b) as a multichannel deconvolution. The damped least-squares solution in the
frequency domain is

Mb) = Dk+l(o)G%),

(20)

where G-‘(U) represents the inverse operator given by
G- l(o) = D$T(o){Dk(o)D~T(o) + VI} - ‘,

(21)
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where the superscript asterisk refers to a complex conjugate and T to a transpose
matrix. A shaping filter should also be used to provide a degree of smoothing
between neighbouring frequency contributions of M’(U). The shape of this filter
depends upon noise and degree of compatibility between estimates of the inverse
and direct transfer functions (Raikes and White 1984; Lefeuvre et al. 1992). The
quality of the solution in (20) can be judged using the resolution matrix describing
the independence of the matrix elements in M’(o), and the normalized model covariante characterizing the degree of amplification of the errors in the ‘data’ D&O)
(Menke 1984). These features of the inverse can also be conveniently examined using
singular value decomposition and the condition number of the inverse matrix
(Menke 1984; Leaney 1990). If the interval for the estimates is too small, then the
recorded displacements are quite similar and Dk(t) and Dk+ l(t) are poorly structured, the inverse is singular and could be dominated by local interference (Spencer,
Sonnad and Butler 1982). This is a problem for very small time-delays, or obliqueincidence arrivals which do not have a large enough vertical moveout velocity, or
source motion solely in the 4Sl or qS2 direction. The data interval must be chosen
to provide sufficient resolution of the complete directional response. The effect of
this underdeterminancy may be controlled to some extent by the parameter q in
(21), which introduces an a priori minimum length constraint on the matrix estimates and should be chosen for a particular data set so that an optimal solution is
obtained which balances the resolution and uncertainty of the estimates. The solution for three geophone levels is even-determined, unless additional information
from other arrivals is sought, such as another converted wave (Lefeuvre and Queen
1993).

2.3. Dual or multi-source estimates of M’(t) and
For dual- or multisource VSP data it is also possible to make an interval estimate of M’(t) using array processing for neighbouring recording levels in the same
way as (19b), by grouping together displacements from sources recorded at different
levels. In this case, two geophone levels are now the minimum requirement for
solving (19b). The interval formulation does not require the sources to be balanced
or in phase. The advantage of orthogonal sources is that there is now a complete
coverage of the matrix response, so that the inverse is much better conditioned than
for single-source data. In principle, one can compute M’(t) for m source excitations,
n spatial recording intervals and 1 different arrivals to define a 3 x (m + n + I) collective data supermatrix structure for (19b). In practice, it is necessary to design this
supermatrix to suit the particular data set, so that the solutions are adequately
resolved (Wild et al. 1993).
Orthogonal source excitations provide ideal resolution of the directional
medium response. This particular approach has been exploited over the past few
years, and it has now become increasingly common to acquire shear-wave data
using dual sources which are both orthogonal and horizontal, acting along in-line
(X) and cross-line (Y) directions, producing 2 x 2 data matrices Di(t) recorded a
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depth level i, given by

Di(t) = (d&t) I d,,(t)) = di(t)*{M’(t)*$t)}s + N(t),

(22)

where the source matrix S is {sX 1 s,}, with the unit vectors s, and sy along orthogonal source motions. If the data are generated by balanced and correctly aligned
linear sources with a consistent phase, recorded on ideal instrumentation which is
correctly orientated, S can be replaced by a unit matrix. In this case, the relative
C
magnitude of the matrix components depends only on the parameters of M (t),
which may then be directly extracted from analysis of D(t). This was recognized by
Alford (1986) who applied a similarity transformation to surface shear-wave data to
obtain the anisotropy parameters 0 and AL Zeng and MacBeth (1993) showed that
the effect of the acquisition inaccuracies, some of which are mentioned above, on
polarization estimates determined using this approach is, however, limited to VSP
or surface data in geographical areas where there is a low-loss uniform anisotropic
subsurface. If there are changes in the wave properties within the overburden, then
substantial errors can arise with this technique (Winterstein and Meadows 1991;
MacBeth and Yardley 1992).
2.4. Overburden correction or interval measurement
The assumption of a uniform anisotropic earth is unlikely to be valid in all but a
few specific geographical areas. This model can be made more general if the subsurface is divided into two different anisotropic regimes, and the convolutional
model of (22) may be adapted, after correction for amplitudes and moveout, using a
unitary form of the transmission matrix (MacBeth and Yardley 1992), giving

D(t) = ~l(t)*~z(t)*{C(e,)A~(t)cT(~~)}*{c(~l)~l(t)cT(~l)}*S(t)S

+ N(t).

(23)

The layer-stripping approach of Winterstein and Meadows (1991) compensates for
such abrupt changes in shear-wave polarization to provide a simpler interpretation
of the deeper data. The technique is founded on the empirical approach of Alford
(1986) and is implemented by applying two similarity transforms directly to the
data. Ignoring noise and amplitude terms, the first transform gives

cTkbPww = {W, - ~)~z(t)c’(e,)~*{c(~l)~l(t)c’(el - @)s(tX

(24)

which, after putting 4 = 8, and a relative time-shift of the data obtained by postmultiplication of the wavefield by the operator A;‘(t), gives the desired product of
{W - ~lMW’(s, - Q}. This is now a symmetric matrix and can be solved by
- -a
furtier similarity transformation. An alternative approach is that of wavefield
extrapolation (MacBeth and Yardley 1992; MacBeth et al. 1993; Ohanion and
Beckham 1992), where a trial operator equivalent to {C(Ol)A&)CT(OJ)-l directly
post-multiplies the data. Both approaches require the depth at which the change
occurs to be bracketed by the data, so that the VSP must extend to near-surface
layers for a complete interpretation. These techniques are not limited to one polarization change as multiple applications are possible. However, it is unlikely that the
anisotropic assumption will be universally applicable as low-velocity heterogeneous
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near-surface layers or layers which are laterally varying, dipping, attenuative and
possess large joints or open fractures are likely to occur. To circumvent this, and to
include non-linear interactions between the source and near-surface, where the convolution model cannot describe the separate contributions to the interaction
between the source and medium, it may be justified to assume a general near-surface
operator at some subsurface reference level (MacBeth, Zeng and Li 1993). Altematively, the interval measurements described in Sections 2.3 and 2.2 may avoid
unnecessary consideration of these near-surface interactions. It is possible to use
dual-source data to obtain a combined estimate of a general non-linear near-surface
operator and M’(t). This can be determined from the least-squares fit between
recorded and predicted displacements. It also appears possible, in principle, to
evaluate a uniform anisotropic overburden operator (polarization azimuth and
birefringence values) using single-source data. There has been some agreement
between interval techniques and the layer stripping approach for VSP data from
California, implying that the near-surface layering is simple (Lefeuvre et al. 1992),
and that an equivalent anisotropic overburden may be possible in some cases.
2.5. Anisotropic limitations of the vector convolutional model
Although in this work the wave propagation has been restricted to sub-vertical
incidence, the equations are generally applicable for a 20” cone of angles around the
vertical for MC(t) measurements, and a more general set of directions for M’(t) measurements. Sub-vertical incidence is useful for distinguishing the matrix anisotropy
due to bedded shale sequences (which may be simulated by a hexagonal symmetry
system with a vertical axis of symmetry, commonly called a transversely isotropic
medium or azimuthally isotropic), where there is no shear-wave splitting at normal
incidence, from that due to vertical, parallel, aligned microcracks (hexagonal symmetry with a horizontal axis). The model used here makes the assumption that a
single set of split shear waves arises due to propagation through a homogeneous
anisotropic layer, but the polarization directions need not be orthogonal. A complexity may arise in sedimentary basins, for which the anisotropy consists of a combination of the crack- and matrix-anisotropy (Bush and Crampin 1991). In this case,
there are certain directions of propagation called shear-wave singularities, where the
two shear waves have identical phase velocities. At these singularities the behaviour
of the shear waves along raypaths at the group velocity is extremely sensitive to
small changes in ray direction (Wild and Crampin 1991). For certain combinations
of crack and layer-induced anisotropies these directions are near to normal incidence and so may affect the estimates of the medium response from seismic data.
3. I N T E R P R E T A T I O N

OF

TENSOR MEDIUM RESPONSE

The convolutional model for anisotropic wave propagation given by (11) or (16) is
useful since the main shear-wave splitting attributes are concentrated into one
matrix response function, independent of absolute amplitude and traveltime. The
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bracketed matrices can be used to interpret cumulative (equation (11)) or interval
equation (16) estimates. For waves propagating at normal incidence through a
uniform anisotropic medium with a horizontal plane of symmetry, MC(t) is symmetric as the polarizations are orthogonal, and a direct interpretation can be made
by eigenanalysis. This is implemented in the present work by routine DCT (Dualsource Cumulative Technique) for the shear-wave response. This may also hold for
weak anisotropy with raypaths not close to singularities (Crampin 1991). The
assumption of orthogonal polarization directions at oblique incidence may still be
valid for weak anisotropy, for which MC(t) is again symmetric, being the product of
3D rotation matrices, and can again be determined by eigenanalysis. Eigenanalysis
can also be used for the local estimate M’(t) which may be symmetric for both
normal and oblique incidence as the deviation of phase from group velocity direction may not be significant over the small depth range. This is implemented by
routine DTT (Dual-source Transfer matrix Technique) and STT (Single-source
Transfer matrix Technique). If anisotropy effects are more pronounced, arrivals
which necessarily have a common group velocity have polarizations corresponding
to different phase velocities and hence different solutions to the Christoffel equation.
The qP, 4Sl and 4S2 polarizations are inherently non-orthogonal for non-symmetry
planes, leading to an asymmetry in the medium response. The interpretation of
inherent non-orthogonality or apparent non-orthogonality due to oblique incidence
is investigated by Li, Crampin and MacBeth (1993). Amongst other possible causes
of asymmetry are polarization changes due to a change in the orientation of the
anisotropic system, geophone misorientations or coupling variations, or source misalignment or imbalance (Zeng and MacBeth 1993; MacBeth et al. 1993). This asymmetry may be evaluated with a view to further investigation using algorithms based
upon a singular value decomposition. Algorithms to evaluate this asymmetry (DIT,
i.e. Dual-source Independent source-geophone rotation Technique and LTT, i.e.
Linear Transform Technique) are given in Section 3.2.
In the sections below, we concentrate on interpreting the general shear-wave
response M(t), where
M(t) =

(25)

as this is the most common multicomponent experiment. Comparable solutions do
exist for the complete nine-component response.
3.1. DCT, DTT or STT-symmetric medium response
3.1.1. Direct eigenanalysis. Here, our basic aim is to diagonalize the time-variant

matrix M(t) (in the curly brackets of (11) or (16)), which is a function of the polarization azimuth 8 and the time-delay AZ, whilst being independent of phase shift operators t&(t). It has been usual to do this numerically by assuming trial values of 8 so
that a discriminant function (usually the energy in the off-diagonal elements in the
new coordinate system) is minimized (Alford 1986). The best solution gives 0, and
hence the polarization directions for 4Sl and 4S2, with the principal diagonal time-
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series for the best estimate of d,(t)*A(t)*s(t) then giving estimates of Ar and AA after
cross-correlation. Another way of solving this is to determine this optimum decomposition algebraically (Murtha, paper presented at 3rd AGU/SEG workshop, Berkeley, Ca, 1988) in much the same way as many standard numerical routines for
eigenanalysis (Press et al. 1986). Here, the minimum off-diagonal energy is deterC
mined algebraically, taking the structure of the symmetric matrix M(t) (either M (t)
or M’(t)) into account, thus
d,(t)*A(t;

0, AZ, AA)*s(t) = C’(@M(t)C(@,

(26)

and the right-hand side can be re-written in component form as
m,, cos2 8 - myx sin e cos 8
- mxy cos 8 sin 8 + myy sin2 8
mxx sin 8 cos 8 + my, ~0s~
i - mxy sin2 8 - myy cos 8 sin

m,, cos 8 sin 8 - myx sin2 8
+ mxy ~0s~ 8 - myy sin 8 cos 8

m,, sin2 8 + myx cos 8 sin 8
8
+ mxy sin 8 cos 8 + myy c0s2 8 i
After some manipulation this matrix can be simplified to
1 A + B cos 20 - C sin 20
ii ( B sin 20 + C cos 28 - D
where
A(0 = mxxw +

m,,(t),

8

B sin 28 + C cos 20 + D
A - B cos 20 + C sin 20 > ’

B(t) = m,,(t) -

(27)

v-0

m,,(t),

C(t) = m,,(t) + m,,(t)9 D(t) = m,,(t) - m,,(t).
(29
The first factor is the trace of M(t), which is equal to the sum of the eigenvalues qS1
and qS2. These equations are also the four linear transforms defined by Li and
Crampin (199 lb, 1993). Li and Crampin explore the characteristics of the transformed components A(t), B(t), C(t) and D(t) in more detail. Equation (28) leads to
four equations in three unknowns. A least-squares solution to obtain the best diagonal matrix is obtained by minimizing the energy on the off-diagonal elements of (28),
given by
E(0) = C{(Bi sin 20 + Ci cos 20 - DJ2 + (Bi sin 28 + Ci

cos

28 + D)“}.

(30)

In this and subsequent expressions the subscript i refers to a time sample, c represents a summation from i = 1 to n, where n is the number of samples contained in
the time window of interest, or if the formulation is applied in the frequency
domain, the number of frequency samples within the signal bandwidth. A stationary
point in E(0) occurs when
4cwIz - Cf) sin 40 + 2Bi Ci cos 401 = 0,

(31)

or
8,

= 2 {arctan [C2Ci B,IC(Cf - Bf)] ,+ kn},

(32)

where k is any integer. There are four solutions in the range 0” to 180”, with k = 0,
1, 2, 3, . . . The solutions distributed at intervals of 45”. The evaluation of each
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solution as a minimum point depends upon the sign of the second derivative E”(&),
given by
E”(e,) = - 16c[(C,2 - Bf)2 + (2Ci BJ2] COS @&(C: - B?).

(33)

Solutions 8, are selected such that cos (48,) and c(CF - B$ have the same signs.
Having obtained the best values of the polarization azimuth 8 = 8,, these can then
be substituted back into (27) to obtain the best estimates of the principal diagonal
traces, d,(t)*A(t)*s(t). From this we can obtain the time delays and relative scaling
factor of the qS1 and qS2 waves by cross-correlation. A solution similar to (32) but
for one time point was found by Murtha (1988, as above). Her results are different
from (32) as they can be factorized into 28 contributions whilst ours remain as 40.
3.2. Non-orthogonal asymmetric medium response
3.2.1. DIT singular value decomposition. In practice, it is tempting to treat any
asymmetry in M(t) as noise, and to determine anisotropic parameters for the bestfitting symmetric matrix. By doing this, however, we may ignore important details
of the anisotropic structure such as polarization changes or acquisition inaccuracies
which may lead to erroneous and misleading results. If, instead, we estimate the
degree of this asymmetry in an attempt at further investigation, it is possible to
provide a simple modification to the convolutional model of (22),

D(t) = d,(t)*{C(O,)A(t; AZ; AA)CT(Bs)}*S + N(t),

(34)
where the difference between 8, and 0, determines the asymmetry. As there are
several different causes of this asymmetry which are currently being investigated
(MacBeth et al. 1993) we quote this equation with no physical basis. Here we evaluate eG, 8, and AZ algebraically, replacing the original numerical procedure for
solving this equation given by MacBeth and Crampin (1989, 1991). As in the previous section, the equation can be rearranged to isolate the time-shift matrix
d,(O*A(O*s(O,
d,(t)*A(t)*s(t) = cT(e,pqt)c(e,).

(3%

A solution to (35) can be obtained by letting a = 8, + 8,) /3 = 8, - go, and writing
the right-hand side of (35) in component form,
(A cos /? + B cos a - C sin a - D sin /I)
(- A sin /3 + B sin 01+ C cos a - D cos /?)
(A sin p + B sin a + C cos a + D cos /I)
(A cos #3 - B cos a + C sin a - D sin /?) > ’ (36)
where A(t), B(t), C(t), D(t) are defined as in (29). As in Section 3.1, we define the sum
of the off-diagonal energies as
E(B,, 0,) = C (Ai sin /Y + Bi sin a + Ci cos a + Di cos /3)2

+ C (- Ai sin /? + Bi sin a + Ci cos a - Di cos #Q2.

(37)
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Taking 8, and 0, as independent variables, a least-squares minimum of E(8,, O$ is
obtained from
C (Bi sin a + Ci cos a)(Bi cos a - Ci sin a) = 0
C (Ai Sin /I + Di COS p)(Ai COS /Y - Di sin j?) = 0,

with solutions

8, = $ {arctan [2 C Ci

Bi /I (Cf - Bf)]

- arctan [2 c Di Adz (0: - A:)] + k171)

ww

and

8, = * {arctan [2 1 Ci
+ arctan

BJx (Cf - Bf)]

[2 1 Di Ad ~(D~ - A:)] + k, n},

ww

where k, and k, are integers. There are four solutions for 8, and four solutions for
es, giving 16 possible extrema of E(O,, 0,). The minimum values are selected by
examining the sign of the double derivative for each solution. AZ and AA are given
as before, by cross-correlating the diagonal components of the best estimate of
d,(t)*A(t)*s(t).
3.2.2. LTT-direct liner transformation for the four-component medium response or
data matrix. Li and Crampin (1991 b, 1993) give an alternative solution for (32) or

(38a,b) using the four time-invariant linear transformations shown in (29). They
apply the transformations on a sample-by-sample basis within a specified window.
Their solution can be obtained by minimizing E(O,, 0s) separately for each sample
in the time series. After this transformation, the complicated shear-wave motions are
linearized for both orthogonal and non-orthogonal shear-wave polarizations.
Robust estimates of the polarizations and time-delay can be obtained directly from
the maximum eigenvector of the covariance matrices (Kanasewich 1981) of the
transformed components. These linear transforms are useful as they may also
provide a direct separation of the qS1 and qS2 waves, without the need to determine
polarizations. It is interesting to note that the orthogonal version of these transforms is in common use as the Jacobi transformation for eigenanalysis of a real
symmetric matrix (Press et al. 1986), where successive applications on 2 x 2 submatrices provides a convergent way of diagonalizing medium-size matrices.
In the next section we investigate the resolving power of the different techniques
for anisotropic measurement, where they are applicable, and how they respond to
different types of noise.
4. APPLICATION

TO

SYNTHETIC DATA

The performance of the various techniques for estimating 8 and Ar is tested using
synthetic seismograms. The estimation of AA, differential amplitude, needs special
attention and is not considered further in this present study. Full-wave synthetic
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seismograms from point sources exciting a horizontally layered anisotropic medium
are calculated using the anisotropic reflectivity method implemented using the
ANISEIS package (Taylor 1991). The anisotropic materials are simulated by permeating an isotropic matrix material with distributions of vertical, parallel, waterfilled cracks in the long wavelength limit. Three styles of anisotropic model are
considered with a half-space background velocity : uniform anisotropy, discrete
changes in polarization azimuth or birefringence, and a continuous change in polarization azimuth. There have been a few reports of uniform anisotropy in surface
data, many reports of discrete changes in polarizations in both VSP and surface
data (Winterstein and Meadows 1991; MacBeth and Yardley 1992), and no reports
of a continuous change which is only included here for completeness. Both singleand dual-source data are analysed. So that a valid comparison may be made
between interval and cumulative techniques, we use only two depth levels for the
dual-source interval estimates and three for the single-source interval techniques,
and an undamped least-squares inverse. LTT produces similar results to DCT for
orthogonal split shear waves and DIT for non-orthogonality, although the response
to noise will be different. Its strengths lie in the way in which the transformations
are implemented. LTT is not considered as it has. been investigated elsewhere (Li
and Crampin 1993).
4.1. Efects of noise
The synthetic seismograms are contaminated with random noise and with
signal-generated noise which attempts to simulate local interference. The second
type of noise is included as anisotropy estimates are expected to be quite sensitive to
the closely spaced arrivals from locally generated interference in a similar way to
attenuation (Spencer, Sonnad and Butler 1982; Raikes and White 1984), especially
for measurements over small intervals. Consequently, the signature of each event
may be the result of interference from primaries and multiples which are generated
by inhomogeneous stratigraphy in the immediate vicinity of the seismometer and
interfere with the direct wave. For anisotropy, another crucial problem is the interconversion between 4Sl and qS2 at each polarization change. Although it is desirable to have small receiver intervals to obtain the best spatial resolution, these are
limited by this local scattering. Here, this interference is simulated by summing a
number of single arrivals with random polarizations (and hence ray direction) and
random moveout across a measurement interval L, giving

~(0 = C s(t - wimk),

(3%

where the moveout velocity r/R and the polarization angle eR are random variables
defined within prescribed limits, varying with summation index.
4.2. Noise-free resolution of an anisotropic half-space
For noise-free conditions, the resolution of the polarization azimuth, 0, and
time-delay, AZ, depends upon the medium birefringence, the wavelet period and the
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sampling interval. To define this resolution for the methods from Sections 2 and 3,
normal incidence synthetics are computed for two geophones embedded vertically
below the source in an anisotropic half-space. The birefringence is varied whilst
keeping constant P- and S-background velocities of 3 km/s and 1.73 km/s respectively, and a polarization azimuth of X3O”Y. The pathlength from the source to the
first geophone is the same as between the geophones. The birefringence variation
gives a range of model time-delays (Aru) from 0.1 ms to 12.5 ms. The peak frequency of the source wavelet is 20 Hz (period T = 50 ms). The synthetics are
sampled at 2 ms intervals, but are interpolated to 0.1 ms. Anisotropy estimates are
obtained using interval (DTT, STT) and cumulative (DCT, DIT) techniques over the
same magnitude of time-delay. These results are plotted against the model timedelay AZ, normalized by the peak period T of the wavelet (AZ M/T) in Fig. 2. For
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FIG. 2. Different estimates of (a) shear-wave polarization azimuth, 8, and (b) time-delay, AZ,

versus model time-delay normalized by the peak period of the source wavelet, AZ& The
cumulative (DCT, DIT) and interval (DTT, STT) techniques estimate the same magnitude of
time-delay. Solid triangles mark the sampling interval on these scales.
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these noise-free data, both sets of estimates are well resolved except for small values
of time-delay less than the sampling interval (Ar M/T = 0.04, the solid triangle in Fig.
2). The cumulative techniques (DCT, DIT) give inaccurate polarization azimuths for
time-delays less than this interval, with errors greater than lo” for delays of less than
1 ms (AZ M/T = 0.02). In contrast, it appears that accurate time-delays can be measured even down to the smallest birefringence values and in spite of inaccurate
polarization values. This apparent insensitivity to errors in polarization is linked to
the nature of the cross-correlation or spectral phase functions used in the estimation
which for very small time-delays will exhibit a linear behaviour. The interval techniques (STT, DTT) successfully measure polarizations and time-delays at model
time-delays smaller than the sampling interval, which are typical of the working
range for these methods.

4.3. Resolution of variations in anisotropic properties
Here each technique is applied to media with depth-variant anisotropic properties. Synthetic seismograms are computed using the same source wavelet and background velocities as in Section 4.2. The models have abrupt changes in the
time-delay AZ and abrupt and continuous variations in polarization azimuth 8.
4.3.1. Variation in time-delay - Model 1. Model 1 (Table 1) is divided into a
100 m isotropic layer above two 500 m thick anisotropic layers, overlying an anisotropic half-space. The birefringence is changed in each anisotropic layer, so that a
time-delay gradient is simulated, with the polarization azimuth held at a constant
X60” Y. A data set is generated for a 16-level zero-offset VSP shot in this structure
using in-line (X) and cross-line (Y) source polarizations. The geophones range from
1600 m to 100 m in equal depth intervals of 100 m. The data matrix of synthetic
traces is shown in Fig. 3a, alongside the polarization diagrams (particle motion in
horizontal plane) for each source motion, and 0 and Ar estimates from each technique in Figs 3b and c. For comparison purposes, time-delay estimates are summed
to give a cumulative value. All these estimates compare favourably with the model
values, although as expected, the polarization estimates for the single-source STT
technique tend to break down (with errors of loo) at the boundary between two
layers.
Figures 4a and b show the effect of random and signal-generated noise on the
data matrices and particle motions of Fig. 3a for a signal-to-noise ratio of 2.
Although some of the gross characteristics of the motion are preserved, the subtle
features attributed to anisotropy now appear misleading, particularly for the signalgenerated noise (Fig. 4b). DCT, DTT, DIT and STT anisotropy estimates are
plotted against signal-to-noise ratios from 1 to 10 in Figs 5a-d. The effects of
random noise (Figs 5a and b appear less problematic than for signal-generated noise
(Figs 5c and d). As expected for a weak anisotropy of 5%, the undamped singlesource STT is sensitive to small amounts of both types of noise. The dual-source
equivalent, DTT, works more effectively but breaks down the cumulative techniques
for this half-space example.
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TABLE 1. Details of anisotropic models used to test the

shear-wave analysis techniques. Model 1 simulates an
abrupt change in time-delay, Model 2 an abrupt change in
polarization azimuth and Model 3 a gradual change in
polarization azimuth.
Layer

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Thickness
hd

Polarization
azimuth (X0 Y

Percentage
birefringence

100
500
500
HS

isotropic
60
60
60

-

100
900
1000
HS

isotropic
20
40
55

-

100
400
100
100
100
100
100

isotropic
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

-

100

100
100
100
100
100
100
100
100
loo
100
HS

5
10
15
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

4.3.2. Variation in polarization azimuth - Models 2 and 3. Model 2 (Table 1)

simulates a structure with abrupt changes in polarization azimuth, modelled with a
100 m thick isotropic layer, overlying two anisotropic layers of 900 m and 1000 m,
and an anisotropic half-space. The polarization azimuths in each anisotropic layer
are X2O”Y, X4O”Y and X55”Y, respectively, with a common birefringence of 5%. A
data set is generated for a 27-level zero-offset VSP in Model 2 using in-line (X) and
cross-line (Y) source polarizations. The geophones range from 2700 m to 100 m in
equal depth intervals of 100 m. The data matrix is shown in Fig. 6a alongside the

600
800

i1

- - - - - - - - - - - - -.- - +-

0

I

t

15

30

45

60

75

Polarization (degrees)

90

0

100
Time delays (ms)
50

FIG. 3. (a) Four-component display of synthetic shear-wave seismograms for anisotropic

Model 1 (Table 1) with abrupt changes in birefringence, but a constant polarization azimuth.
The display represents the time-series which make up the data matrix D(t) used in the text.
These consist of in-line (X) recordings of in-line (X) source motion (traces marked XX) in the
top left-hand panel and in-line (X) recordings of cross-line (Y) motion, (YX) in the top righthand panel. The lower panels are in-line (X) and cross-line (Y) recordings of cross-line (Y)
source motion, respectively XY and Y Y. A selection of polarization diagrams are shown
alongside for comparative purposes. (b) Estimates of polarizations, (c) estimates of timedelays, obtained by applying the techniques developed in this study to the four-component
data matrix. The techniques used are the dual source cumulative technique (DCT), dual
source-geophone independent technique (DIT), dual-source transfer technique (DTT) and
single-source transfer technique (SIT).
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FIG. 4. Four-component display of synthetic shear-wave seismograms and corresponding

polarization diagrams for anisotropic Model 1, as in Fig. 3a but contaminated with (a)
raridom noise and (b) single-generated noise, for a signal-to-noise ratio of 2. Notation as in
Fig. 3.
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FIG. 5. RMS errors for estimates from DCT, DIT, DTT and SIT when applied to synthetic

data for Model 1 contaminated with noise of different signal-to-noise ratios. (a) Polarization
azimuth estimates for random noise; (b) time-delay estimates for random noise; (c) polarization estimates for signal-generated noise; (d) time-delay estimates for signal-generated noise.
Errors of 5” for polarization and 2 ms for time-delay are marked with solid triangles for
reference.

polarization diagrams, with anisotropy estimates in Figs 6b and c. As expected for
this situation, the techniques respond in different ways to the multiple shear-wave
splitting which may be seen in the polarization diagrams across each layer boundary. DIT does not follow the polarization changes, but gives OS and 8, estimates
which pull apart at the first polarization change. This behaviour is discussed further
by MacBeth et al. (1993). DCT gives incorrect polarization values which lie intermediate between the 6, and 8, values from DIT. Both interval techniques (DTT, STT)
follow the polarization changes. Again, the correct time-delay values are estimated
even when the polarizations are not well estimated. This is due to the nature of the
cross-correlation function which is used to determine the time-delays. An explanation for this behavior is given in Appendix B.
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FIG. 6; (a) Four-component display of synthetic shear-wave seismograms for anisotropic

Model 2 (Table 1) with abrupt changes in polarization direction. Notation as in Fig. 3. (b)
and (c) are as in Fig. 3, being results of techniques for these data. The techniques used are the
dual-source cumulative technique (DCT), dual source-geophone independent technique
(DIT), dual-source transfer technique (DTT) and single-source transfer technique (STT).
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Only DTT and STT are used for the noise tests as the cumulative techniques do
not resolve the polarizations changes in Model 2 adequately. The contamination of
the data matrix of traces in Fig. 6a by random and signal-generated noise is shown
in Figs 7a and b for a signal-to-noise ratio of 2. The anisotropy estimates are shown
in Figs 8a-d, from which it appears that the random (incoherent) noise does not
greatly affect the DTT results. The results for signal-generated noise are not so
good, considering the interval time-delay may be a fraction of the sampling interval.
This suggests that these techniques will only be suitable under specific noise conditions, which will depend upon the particular data set.
Model 3 (Table 1) simulates a slow change of polarization direction with depth.
Its consists of a 100 m isotropic layer above a 400 m thick anisotropic layer with a
constant polarization azimuth of X2O”Y followed by eighteen 100 m thick layers
with the polarization directions changing in equal increments between X2O”Y and
X37”Y. There is a constant birefringence of 5% in each layer. A zero-offset VSP is
considered, with 22 geophones placed at depth intervals of 100 m between 2200 m
to 100 m depth. Figure 9a shows the computed data matrix of synthetic traces for
this model, with Figs 9b and c giving the results of the various techniques. The 0,
results from DIT are approximately constant, whereas the 0o results follow the
gradient in polarization direction. The results for DCT again lie between these two
values, being accurate at all depths. The other techniques match the model behaviour with reasonable accuracy, with the single-source technique STT, fluctuating by
5” to one side of the model polarizations. This is again due to the condition of local
uniformity inherent in these techniques being violated, although in this case it is not
extreme. Again, all the techniques provide good estimates of the model time-delays
for these noise-free data (Appendix B).
Figures 10a and b give data matrices contaminated with both noise types, and
Figs lla-d show how the anisotropy estimates are affected by different noise levels.
This time, in addition to DTT and STT, the 0, estimates from DIT are used as they
appear to follow the gradient in polarization. The implications for the interval estimates are similar to those for Model 2 (Figs 9a-d). DIT is generally more effective in
computing the estimates.
5. D I S C U S S I O N

AND

CONCLUSIONS

Algebraic solutions have been developed to estimate shear-wave splitting attributes
from the multicomponent medium response. These are based upon a convolutional
model for shear waves propagating through an anisotropic model. This group of
solutions can provide a single-source technique (STT) and three dual-muiti-source
techniques (DCT, DIT, DTT), giving cumulative or interval estimations of anisotropy. The single-source methods are useful as many existing shear-wave data sets
are recorded with one direction of source motion, such as in converted waves from
marine experiments and explosives on land, but can also check multisource data sets
where source imbalance is suspected. The intervai measurements (STT, DTT)
respond to irregular changes in the medium anisotropy, but are limited by locally
generated interferences, especially for very weak anisotropic media or high back-
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FIG. 8. RMS errors for estimates from DTT and STT when applied to synthetic data for

Model 2 contaminated with noise of different signal-to-noise ratios. (a) Polarization azimuth
estimates for random noise; (b) time-delay estimates for random noise; (c) polarization estimates for signal-generated noise; (d) time-delay estimates for signal-generated noise. DCT
and DIT results are not shown as they do not estimate the noise-free case correctly. Errors of
5” for polarization and 2 ms for time-delay are marked with solid triangles for reference.

ground velocities. This may prove to be a complication as well-log measurements
reveal that the subsurface parameters may behave irregularly. This irregularity tends
to persist to the smallest length scales, but has a different character in different
areas. These measurements demonstrate that the structure of the subsurface may
not be suitably represented by a macromodel with smooth layering. Should we also
expect this for anisotropy? Certainly, since local estimates of polarization azimuth
suggest some degree of irregularity (Lefeuvre et al. 1992). These may be related to
re-orientations in the principal stress tensor due to depth, lithology or local structure (Crampin 1990). If this is the case, then a degree of interconversion between qS1
and qS2 waves will occur which will lead to a further complication. Four-
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FIG. 9. (a) Four-component display of synthetic shear-wave seismograms for anisotropic

Model 3 (Table 1) with pseudo-continuous change in polarization direction. Notation as in
Fig. 3. (b) and (c) are as in Fig. 3, being results of techniques for these data. The techniques
used are the dual-source cumulative technique (DCT), dual source-geophone independent
technique (DIT), dual-source transfer technique (DTT) and single-source transfer technique
(STT).
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(c) polarization estimates for signal-generated noise; (d) time-delay estimates for signalgenerated noise. DCT results are not shown as they do not estimate the noise-free case correctly. Errors of 5” for polarization and 2 ms for time-delay are marked with solid triangles
for reference.

component synthetic seismograms from well-log measurements and local birefringence measurements may help evaluate the extent of this problem (MacBeth et al.
1993).
Table 2 indicates the appropriate model for which each technique is suited, and
also compares the speed of each computation, given as a ratio of CPU time for the
particular technique and CPU time for the more commonly used numerical version
of the dual-source cumulative technique. It should be noted that DTT and STT are
applied in the frequency domain. The speeds are not dissimilar to the numerical
techniques, except for DIT, so cannot be recognized as a major advantage of these
solutions. With the advent of downhole dipole shear-wave imaging and the possible
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TABLE 2. Summary of techniques in this study, and their relative speed. The relative speed is
calculated on a VAX 6410 computer by using the analysis of a standardized data set with the
numerical form of DCT (NCT) technique as a benchmark. The data set used in the calculations is for an anisotropic half-space with a 15-level VSP and 1000 samples per trace. NIT
refers to the numerical form of DIT. Ticks and crosses refer to whether the particular technique copes with the category of effect. AZ and 6 refer to time-delay and polarization azimuth
respectively, with C and I to cumulative or interval measurements.
Polarization change
Type of measurement
Relative
speed
NCT
NIT
DCT
DIT
DTT
STT

1.00
69.6
0.30
0.32
1.10
0.45

Uniform :
model 1

Abrupt:
model 2
X
X*
X
X*

J
J

Gradual :
model 3

Sources
rea uired

e

AZ

2
2
2 or more
2 or more
2 or more
1

C
C
C
C
I
I

C
C
C
C
I
I

* This particular algorithm needs special interpretation for asymmetry of the data matrix.

benefits of using these data for determining anisotropy, an advantage may be that
these formulae can be coded on to microchips for operation in near real-time. Other
possible applications include wavefield separation in prestack data analysis without
the necessity of examining the polarization and time-delay data and a subsequent
saving in storage space (Li and Crampin 1993).

All numerical calculations and diagrams were made with the Shear-Wave Analysis
Package (SWAP) of the Edinburgh Anisotropy Project. We thank John H. Queen of
Conoco Inc. for useful discussions on the convolutional model, Sue Raikes for discussions on local interference, and Stuart Crampin for his constructive comments on
the manuscript. We also thank Xiang-Yang Li for discussions on the lineartransform technique and Enru Liu for help with computational aspects. This work
was supported by the Edinburgh Anisotropy Project (EAP) and the Natural
Environment Research Council, and is published with the approval of the sponsors
of EAP and the Director of the British Geological Survey (NERC).
A P P E N D I X A:
OTHER ALGEBRAIC SOLUTIONS

Here we solve single-source VSP data directly using even-determined solutions.
Single vector source, two three-component recordings
When data from only one shear source are available, it is not possible to solve
(11) per se accurately, without accurate knowledge of the source wavelet. However, a
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solution can be obtained using two adjacent recording levels. Here the assumption
of uniform anisotropy is made between the source and the pair of recording levels i
and i + 1. Applying (11) to each recording without noise, we get
d,(t) = uo* {w Mow)) *a

(Al)

di + ltt) = dO(t)*{ c(8)Ai + l.(tFT(s)} *Nt)9

(Aa

and
where Ai(t) and Ai+ l(t) are the time-shift matrices to levels i and i + 1, Premultiplying (Al) and (A2) by C’(0), and writing them in component form, we get
didt)

cos

6 - di,(t) sin 8 =

dix(t) sin 0 + didt)

cos

0

di+ Ix(t)

cos

di+

sin 0 + di+lr(t)

lx(t)

i,i(t)*(sx(t) cos

= &i(t)*(S*(t)

8 - di + Ir(t) sin 8 = &i+
cos

0

8 -

sin 8 +

sin O),

Wa)

Sy(t) COS t?),

w9

sy(t)

l(t)*(sx(t) cos

= lsi + l(t)*(Sx(t)

8-

sin 8 +

sin O),

(fw

S,(t) COS 0).

(A3 d)

s,(t)

Letting .s = tan 8, (A3a)-(A3d) can be rewritten in the frequency domain as
(di,(o) - &di,(O))/(Edi,(U) + di,(o)) = ElbAi exp (- ioAri)

(A44

and
(di+lAW) -&di+lr(~))l(&di+lx(~) + di+l,(W)) = &CAAi+l exp (-i~Ari+,), (A4b)
where t: = (S&O) - ES&.Q))/(ES-&O) + S&O)). There are now six unknowns: E, 5, Ari,
AT i+l, AA, and AAi+l, with only four equations. These equations can be solved
assuming equal amplitude factors (AAi = AAi+ 1), which may be a reasonable
assumption, so that the source direction can be eliminated from the equations.
Equating the moduli of the left-hand side of (A3a) with that of (A3b), we get

(dix(W> - Ediu(w))(ds(w) - &dTy(w))

(d i+lXCw)

-Edi+lY(0)Xdi*+lX(a) -Edi*+t*(U)))

(EdiAW) + diy(w)X@$(w) + d%(w)) = (Edi + lx(W) + di + 1 y(w))(&dF+ lx(W) + dF+ 1 r(W)) ’
(0

where the supercript asterisk indicates a complex conjugate. Rearrangement gives
two solutions,
6 = tan- ‘(C-R + J(R2 + 4Q2)]/2Q},

(A6)

where

Q = ddo)d&Cw)di + 1 Aw)di*+ 1 Acr)) - didW)dfXW)di + I ~(o)di*, I X(W)

W)

and
R

= -Cd?+ lYtwldi+ l-Tdw) + di*, 1X Coldi + 1 k4w))CdiX(w~d?Ylw) + diYtw)dZ)J
+

(di’XW)dix(w) +

d$Jw)di y(w)Xdi f lXCwJd?+ Ido) + di+ ,*(w)dr+ IAw))*

(A@
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These solutions correspond to qS1 and qS2 orthogonal directions, and exactly
which solution is associated with qS1 or qS2 must be determined. This identification
is achieved by substituting the 6 solutions back into (A3) and cross-correlating (A3a)
with (A3b) to get Ari, and then (ARC) with (A3d) to get ATi+,. Note that these
solutions are independent of the source direction. The 8 measurement is a local
measurement, whereas the time-delays are cumulative measures between the source
and geophone pair.
Single vector source, three three-component recordings
(a) Another approach to single-source estimation is to take a group of three
adjacent levels. We use the recording level i as an effective source for two lower
geophones at levels i + 1 and i + 2. The solutions in (A6) again describe this
arrangement but with
Q = di + ldw)dF+ 1 x(w)di + 2 y(w)dF+ 2 y(w) - di + 1 do)@+ 1 Y(W)di + 2x(W)@+ 2x(w) (A9)

and
R=

-(di*,2,(w)di+2X(w) +

di*,2X(w)di+2Y(w)Xdi+ lXtwldi*, 1X(o) +

di+ lY(w)d?+ lYCw))

+ Cd,*, lY(w)di + l*tw) + dT+ IXtwJdi + 1 Y(olxdi + 2XCwJdF+ 2XCw)
(A 10)

+ di+ 2AwJdf+ 2Aw))9

with the condition AAJAAi+ 1 = AAi/AAi+ 2. Again, the time-delays are cumulative
measurements, although the solution for 6 is local for the lower geophone pair.
(b) Another solution can be obtained by taking the recordings at levels i and
i + 1 as sources for the recordings at levels i + 1 and i + 2. As before, we set
AAiIAAi+ 1 = AAi+l/AAi+2. From this, two solutions for 0 can be obtained from
(A6) but with

Q

(All)

= -diXtw)di”+lYOdi+2Xtw) - diYtw)di’,lX~w)di+2~(w)

and
R=

- 2di + lAwjdi + I Y(w)(diAw)di + 2 Y(o) + diX(wJdi + 2X(w))
+

(diYtw)di+2Aw)

+

diX(w)di+2y(0)H-di2+ ly(W) +

di2, Ix(W))*

VW

The selection of the correct polarization angle and time-delay is obtained in a
similar manner to the previous sections.
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A PPENDIX B :
T I M E -D E L A Y BY C R O S S -C O R R E L A T I O N

Cross-correlation is widely used for estimating the time-delay AZ between split
shear-waves. Such estimates are obtained by locating the lag time associated with
the maximum of the cross-correlation function. In many cases we have observed
that the time-delay determination remains remarkably stable, even when wavefield

1064

XINWU ZENG AND COLIN MACBETH

separation is clearly incomplete. Here we explain how this might arise for direct
waves through a uniform anisotropic medium for which (11) is applicable.
Incomplete separation of the @-modes makes the effective recorded displacements for in-line (X) and cross-line (Y) components from in-line and cross-line
sources respectively, a linear mixture of qS1 and qS2, given by
d,,(t) = (4 + bR,)*s(t),

(Bl)

414) = (4 + d&)*s(t),

(B2)

where a, b, c and d are scalar weights with a and d close to unity and b and c small.
If qS1 and qS2 are incorrectly assumed to be separated, then the cross-correlation
gives

~xx.*Yw = wM0 + ww + adh(O + bc~sAO9

W)

where $il(t) is the cross-correlation function for the traces i and j. The consequence
of incomplete separation is to superimpose two autocorrelations on top of the
desired function &(t), and &(t) with a smaller amplitude peak at t = -AZ. The
autocorrelations have side-lobes which may interfere with the main crosscorrelation maximum. The degree of interference will depend upon the source function and the weighting factors. If we use the condition ad + ac + bd for no
interference, assuming that the peak t = AZ lies close to the t = 0 axis, and take the
model of (11) to determine the weights for an error A0 in polarization, then we
obtain the condition tan2 A0 4 3, or A0 < 35”, which is not too difficult to attain in
practice. Consequently, it is likely that the cross-correlation will produce satisfactory time-delay estimates even for quite inaccurate polarizations.
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