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VARIATION OF REFLECTION AND
TRANSMISSION COEFFICIENTS WITH CRACK
STRIKE AND CRACK DENSITY
IN ANISOTROPIC MEDIA1
XIANG-YANG L12 and STUART CRAMPIN
ABSTRACT
LI, X.-Y. and CRAMPIN, S. 1993. Variation of reflection and transmission coeflicients with
crack strike and crack density in anisotropic media. Geophysical Prospecting 41, 859-882.
Recent observations show that the differential amplitudes between the faster and slower
split shear-waves in reflection surveys contain information about lateral variations of crack
density in cracked reservoirs. However, the variation of amplitude with crack geometry when
the crack strike changes with depth has not been reported previously. In this paper, we derive
expressions for reflection and transmission coefficients of plane split shear-waves at vertical
incidence at an interface separating two cracked (anisotropic) media with different crack
strikes. We examine the effects on these coefficients as crack strike and crack density vary.
For interfaces with large velocity-contrasts, the reflection coefficients carry little information
about crack geometry, and the effects of crack strike varying with depth are negligible. In
such cases, the polarization and time-delay of the split shear-waves are the only features
which reliably diagnose anisotropy and contain information about the variation of crack
strike and density. However, for interfaces with small velocity-contrasts, the effects of any
variation of crack strike with depth cannot be neglected. In such cases, in addition to the
polarization and time-delays of split shear-waves, both the differential amplitude of faster and
slower shear-waves and the amplitude ratio of the two off-diagonal elements in the reflected
data matrix after separation of split shear-waves, contain information about the variation of
crack strike and crack density. In contrast, effects of crack strike changing with depth on
transmitted waves are more sensitive regardless of the velocity-contrast and the degree of
anisotropy.
INTRODUCTION

Observations of shear-wave splitting in reflection surveys have been reported in
many publications (Alford 1986; Willis, Rethford and Bielandski 1986; Martin and
Davis 1987; Squires, Kim and Kim 1989; and others). Recent observations in the
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revision accepted February 1993.
2 Edinburgh Anisotropy Project, British Geological Survey, Murchison House West Mains
Road, Edinburgh EH9 3LA, U.K. Also at Department of Geology and Geophysics, University of Edinburgh, James Clerk Maxwell Building, Edinburgh EH9 352, Scotland, U.K.

859

860

XIANG-YANG LI AND STUART CRAMPIN

Austin Chalk, Texas (Mueller 1991), show that the relative amplitudes of the faster
and slower split shear-waves in reflection surveys contain information about the
lateral variations of crack density in cracked reservoirs. Since most hydrocarbon
reservoirs contain cracks and display some form of shear-wave splitting (Willis
et al. 1986), this observation may have wide implications for hydrocarbon exploration and production. There are several possible sources of seismic anisotropy in the
earth. In sedimentary basins, the anisotropy appears to be the result of matrix, or
thin layer, anisotropy leading to transverse isotropy with a vertical symmetry axis
and anisotropy caused by vertical cracks, microcracks and stress-aligned pore space
(Crampin and Love11 1991). It is this crack anisotropy that we address here.
Recently, observations of changing shear-wave polarizations with depth, which
have been interpreted as indicating changes in crack strike in the subsurface have
been reported in the literature (Squires et al. 1989; Winterstein and Meadows 1991).
Other evidence also suggests that crack orientations in near-surface structures may
differ from those at depth (Douma, den Rooijen and Schoking 1989; Kerner, Dyer
and Worthington 1989; Crampin 1990). Thus, we need to understand the behaviour
of shear-waves for variations in crack geometry in media where crack strike changes
with depth in order to interpret the variation of amplitudes in reflected shear-waves
correctly.
Variations of shear-wave amplitudes are frequently associated with variations of
shear-wave reflection and transmission coefficients. Keith and Crampin (1977) gave
a general numerical approach to the reflection and transmission of plane waves at
the planar boundary between two anisotropic media. Daley and Hron (1979)
obtained analytical solutions to the problem in elliptically anisotropic media,
although in practice elliptical anisotropy rarely exists. Thomsen (1988) studied the
problem at an interface separating a transversely isotropic medium with vertical axis
of symmetry, which we shall refer to as PTL-anisotropy (see Crampin 1989), and a
medium with a horizontal axis of symmetry, such as the EDA-anisotropy of stressaligned vertical cracks (Crampin 1989). Here, we investigate the variation of shearwave amplitude with crack strike and crack density, and calculate the reflection and
transmission coeficients of plane shear-waves at a planar interface separating two
cracked (anisotropic) media with different crack strikes.
It is difficult to interpret the variation of shear-wave amplitudes with offset in
terms of anisotropy, because of inherent difficulties associated with the shear-wave
window at the surface (Booth and Crampin 1985), the shear-wave windows at internal interfaces (Liu and Crampin 1990), and the variation of polarization angles with
angle of incidence at internal interfaces (Liu, Crampin and Yardley 1990). Much of
the basic information about anisotropy in the reservoir layer is held in reflections at
near-vertical incidence (Yardley, Graham and Crampin 1991). Similarly, observations of shear-wave amplitude variations with crack strike and crack density are
also frequently restricted to near-vertical incidence (Mueller 1991). For these
reasons, we only consider the case of vertical incidence. We derive the expressions
for reflection and transmission coefficients, present a range of reflection and transmission coefficients, and discuss their behaviour as velocity-contrast, crack strike
and crack density vary.
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FIG. 1. Diagram showing shear-wave reflection and transmission for a @I-wave at vertical
incident at a single anisotropic/anisotropic interface. Notation as specified in text.

Note that vertical incidence allows us to use plane-wave approximations. This is
important as plane-wave modelling of offset data can lead to serious inconsistencies
with curved wavefronts from point sources (Liu and Crampin 1990). Although the
effects of crack variations on curved wavefronts is important, it is much more complicated and is beyond the scope of this present examination.
NOTATION

We use the terminology for anisotropy suggested by Crampin (1989). As shown in
Fig. 1, we assume a planar interface separating two media with vertical cracks and
different crack strikes. When a plane shear-wave is incident perpendicular to an
interface, the shear-wave splits typically into two component phases, and faster and
slower split shear-waves are both reflected and transmitted. We introduce the following notation, as illustrated in Fig. 1:
A0
Al
4
4
4
qs1

qs2
r11
52

amplitude of incident shear-wave, qS1 or qS2,
amplitude of reflected qSI,
amplitude of reflected qS2,
amplitude of transmitted qSI,
amplitude of transmitted qS2,
faster split shear-wave, polarized parallel to the crack strike for
nearly vertical propagation,
slower split shear-wave, polarized perpendicular to the crack
strike for nearly vertical propagation,
reflection coefficient from qS1 to qSI,
reflection coefficient from qSI to qS2,
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r21
r22
t11
t12
t21
t22
h'

vi?
vzl

Kl'

vl2' T/22
%'a2

Aa = a2

a,

b'~2

Pl'P2

reflection coefficient from qS2 to qS2,
reflection coefficient from qS2 to qS2,
transmission coefficient from qSI to qSI,
transmission coefficient from qSI to qS2,
transmission coefficient from qS2 to qSI,
transmission coefficient from qS2 to qS2,
shear-wave velocities of isotropic matrix of media 1 and 2,
respectively,
velocities of qSI and qS2, respectively, in medium 1;
velocities of qSI and qS2, respectively, in medium 2;
crack strikes of media 1 and 2, respectively;
difference in crack strike between medium 1 and medium 2;
percentages of differential shear-wave anisotropy in media 1 and
2, respectively;
densities of media 1 and 2, respectively.

Differential shear-wave anisotropy is the maximum percentage of anisotropy of the
difference of two split shear-waves defined as {max (V,,,) - min (&,,)}/max (V,,,)
x 100 (Crampin 1989).

BASIC EQUATIONS
In vertical parallel cracks, the velocity of the faster split shear-wave, qSI, in the
vertical direction equals the velocity of the untracked formation (Hudson 1981;
Schoenberg and Douma 1988). We have
v11
V21

=

vl’

= (1 - wwvb

v12 =

T/2’

V22 = (1 - 5,/100)1/,.

(1)
The percentage of differential shear-wave anisotropy is approximately equal to
the crack density multiplied by 100 when the ratio V,lv, for the untracked matrix is
1.732 (Poisson’s ratio 0.25) (Crampin 1993). With this approximation, we need not
separate the concepts of crack density and degree of shear-wave anisotropy.

qS1 at vertical incidence
The four reflection coefficients to be determined are rll, r12,

t,, and t,,

, defined

as
r11 =

Al/A,'

r12 =

A,!AO'

t 11 = 4/A,'
h2 = 4/A,

(2)
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where A, is the amplitude of the incident faster split shear-wave. As shown in the
Appendix, these coefficients can be written as
-

1-

(Plb - P2 1/12)

l1 - R,

hv,l + P2 vl2)

r

cos2 Aa + fF1 J F2 ;‘I sin2 ~a]
1 21

2

(3)

22

(4)
t11

1
=-

%vil

(5)

Rl hv,l + P2 r/12) cos Aa'

h2

=

1-

-

2PlYll

*

(6)

Rl WGl + P2 Y22) sm Aa'

where
R

_ (PlV,l + P2 1/12) cos2 Aa + (PlV,l + ‘
2 “
‘
sin2 Aa
hv,l + P2 b2)

l - kc21 + P2 h2)

(7)
'

qS2 at vertical incidence
In this case, the four coefficients to be determined are r21, r22, t,, , and
defined as
r 21

ti2,

=4/A,'

r22 = A2MO'

t 21 = 4/A,'
t22 = AdAo

where A, is the amplitude of the incident slower split shear-waves. Again, as shown
in the Appendix, these coefficients can be written as
r22

1
=R2

-

r
21

=

-

t

(Plv,, + P2

1R2

1-

21 - R2

1

t22

w?21 - P2 1/22)

=R2

cos2 Aa + ('1'1 - ‘
2 ‘
2) sin2 Aa
bwll + P2 62)

E22)

Plbl P2K2 - 1/22)
(PIhI + P2 v,2)(Plv,, + P2
2Pl v21

(PIhI + P2

sin 2Aa,

(9
(10)

h2)

sin Aa,

(11)

52)

2Pl v21
(PI Kl + P2

17

(12)
b-2) cos Aa'

where
R

(Pl V,, ’P2 ~2) cos2 Aa + ‘Plv,, ’P2 ~2’ sin2 Aa
(Pll/,l + P2

62)

(13)
*
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Aa = 0" and Aa = 90"
A.a = 0” and Aa = 90” are two special cases that correspond to constant crack
strike and an orthogonal change of crack strike with depth. In these two cases, the
above equations can be simplified.
If Aa = O”, we have
51 = (Plv,l - P2 v,2MPl~l + P2 1/12),

52

=

r-21

= 0,

r22 = (Plbl - P2 v,2Ybvil + P2 v22h
hl = aJl~l/~Pl~l + P2 h2L

t 12 = t,, = 0,
t22 = ~Plv,,l(Pl~l + P2 v22).

(14)

These equations show that in a reflection survey, when a shear-wave source is
parallel or perpendicular to the crack strike in media with no change of crack orientation, the off-diagonal elements will be zero in the data matrix of a four-component
survey (two orthogonally polarized sources recorded by two orthogonally polarized
receivers). These equations also show that rll and t, 1 are only dependent on the
velocities of the faster shear-waves, and r22 and t,, are only dependent on the velocities of the slower shear+vaves. Thus, the variation of percentage shear-wave
anisotropy (or crack density) will only affect the variation of r22 and t,, , or the
amplitudes of the slower split shear-waves.
If Aa = 90”, we have
Yll = w?tl - P2 v,2Ywcll + P2 ‘v22)9

l-12 = 51 = 0,
r22 = WGl - P2 v,2MPlY21 + P2 T/12),

t 11

= t22 = 0,

h2 = - Gvill(p,hl + P2 T/22)9
t21 = 2P1L/wT21 + P2 Yl2)*

(15)

This implies that after transmission, the incident faster or slower wave becomes the
slower or faster wave in the lower medium. Thus, there will be a trend of decreasing
time-delay between the faster and slower shear-waves after transmission. This can
be thought of as a negative time-delay. Based on these assumptions, several authors
(Squires et al. 1989; Davis and Lewis 1990) have interpreted negative time-delays of
split shear-waves as implying an orthogonal change in crack orientation. However,
orthogonal changes of crack strike are not the only cause of negative time-delays
between split shear-waves; split shear-waves propagating either side of a shear-wave
singularity may also result in negative time-delays (Crampin 1991). Since Wild and
Crampin (1991) have suggested that singularities are common features of sedimentary basins, singularities may well be a common cause of orthogonal changes in
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shear-wave polarities. The expression for t 12 shows that there is a 180” phase shift in
the transmitted waves whenever there is a 90” change of crack strike in the subsurface. Note also that
(Plv,, - P2~2MPJll + P2 r/22) > (Plv,, - P2 v,2YPlhl + P2 w

(Plb - P2 h2MPl~l + P2 vl2) < (P&21 - P2 v,2MPl bl + P2 Y22)

(16)

which imply that there will be larger differences in amplitudes between the reflected
faster and slower split shear-waves for 90” changes of crack strike than for no
change. Thus, observations of negative time-delays, together with larger differential
amplitudes between faster and slower split shear-waves, would confirm the interpretation of a 90” change of crack strike in the subsurface. r12 and r21 still remain zero.
BEHAVIOUR

OF

REFLECTION COEFFICIENTS

In the general case, where Aa # 0” and #90”, we plot the amplitude coefficients
against the angle Aa (the difference in crack strike). These coefficients are also
dependent on the density, velocity and degree of shear-wave anisotropy or crack
density in the media concerned. To simplify the results, while still retaining generality, we consider models with the following parameters.
Since low/high incidence is common for wave propagation in the subsurface, we
only consider the case where a shear-wave is incident from a low-velocity medium
on to a high-velocity medium (low/high incidence). In addition, since the percentage
variation of rock density with depth is usually small, we assume that the density of
medium 1 is the same as the density of medium 2.
Under these conditions we examine three cases. Firstly, we vary Vl and V2 and
fix a1 and 6, as shown in Figs 2a and b. In Fig. 2a, Vl varies from 1.5 km/s to 3.0
km/s and V2 = 5.0 km/s, so that the velocity-contrast decreases as Vl increases. In
Fig. 2b, Vl = 1.5 km/s and V2 varies from 2.0 km/s to 5.0 km/s, so that the velocitycontrast as V2 increases. In Figs 2a and b, dl = 2% and d2 = 10%.
Secondly, we vary al and fix a2 but use two different velocity-contrasts as shown
in Figs 3a and b. Figure 3a shows the effects of a small velocity-contrast where
VI = 1.5 km/s and V2 = 1.8 km/s, whereas Fig. 3b has a large velocity-contrast
where Vl = 1.5 km/s and V2 = 3.0 km/s. In Figs 3a and b, a2 = 10%.
In the third case, we vary 6, and fix 6, and use the same velocities as those in
Figs 3a and b. Figure 4a shows the effects of a small velocity-contrast and Fig. 4b
shows a large velocity-contrast, 6, is fixed at 2% in Figs 4a and b. In all three
figures, the crack strike difference Aa varies from 0” to 90”. The features in these
figures can be summarized as follows.

Velocity-contrast
As shown in Fig. 2, the variation in velocity-contrast affects rll and r22 more
than it does rl 2 and r21 . In Fig. 2a, as Vl varies from 1.5 km/s to 3.0 km/s (velocity-
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FIG. 2. Amplitude of reflection coefficients plotted against the difference in crack strike, Aa,
for different velocity-contrasts. (a) Variation for different values of V,, where a,, 6, and V2 are
fixed; (b) variation for different values of V, , where a,, 6, and V1 are fixed.

contrast decreasing from 3.5 to 2.0 km/s), values of rll at Aa = 0” decrease from
0.54 to 0.25 and those of r22 decrease from 0.51 to 0.22. Similar variations of rll and
r22 with velocity-contrast can be seen in Fig. 2b. In contrast, in Figs 2a and b, the
four curves of r12 and r21, corresponding to four different velocity-contrasts, are
close to each other and variation with velocity-contrast is small. rll and r22 are an
order of magnitude larger than r12 and r21, particularly when the velocity-contrast
is greater than 1.5 km/s. The maximum value of r12 and r21 is only about 0.02 in
Figs 2a and b, while the minimum value of rll and r22 is about 0.2 in Fig 2a. The
difference between rll and r22 for a given Aa does not change much as velocitycontrast changes.

Degree of differential shear-wave anisotropy
For a given velocity-contrast, rll is independent of the percentage of differential
shear-wave anisotropy in medium 1,6,, as shown in Fig. 3. The four curves of rll in
Fig. 3, corresponding to four different values of 6,, overlap each other. However, r22
increases as 6, increases. This will reduce the difference between rl l and r22 at
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FIG. 3. Amplitude of reflection coefficients plotted against difference in crack strike, Aa, as

the degree of anisotropy in medium 1,6,, varies, where the degree of anisotropy in medium 2,
a,, is fixed. (a) Small velocity-contrast: V1 = 1.5 km/s, V, = 1.8 km/s; (b) large, velocitycontrast: V, = 1.5 km/s, V, = 3.0 km/s.
Aa = 0” but increase the difference at Aa = 90”, as shown in Fig. 3. The change in a1
has negligible effect on r12 and r21.

All the curves will be affected by a change of anisotropy in medium 2, a2, as
shown in Fig. 4. In general, as a2 increases, rl 1 and r22 decrease and r12 and r21
increase. Thus differences between rll and r12 and between r22 and r21 decrease,
whereas the difference between rll and r22 generally increases.

Difference in crack strike
As the difference, Aa, between the crack strikes changes, all variations will be
affected. Figures 2, 3 and 4 show that as Aa changes from 0” to 90”, rll decreases
but r22 increases, and that the differential amplitude between rll and r22 has different patterns of behaviour according to the values of 6, and ~5~. If 6, = d2, the
difference between rll and r22 is zero at Aa = 0” and increases monotonically as Aa
increases, as shown by the curves for rll and r22 corresponding to al = 10% in Fig.
3, and by curves corresponding to d2 = 2% in Fig. 4. If 6, > d2, the difference
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FIG. 4. As for Fig. 3, but for variations in the degree anisotropy in medium 2, 6,, where the

degree of anisotropy in medium 1, 6 1, is fixed. (a) Small velocity-contrast; (b) large velocitycontrast, for the same values as in Fig. 3.

between rll and r22 increases monotonically as Aa increases, as shown by curves
corresponding to al = 15% in Fig. 3. If a1 < a2, the difference first decreases as Aa
increases until a critical angle at which rll = r22, then the difference increases as Aa
passes the critical angle. If the velocity-contrast is large and a2 is small (less than
5%), as shown in Fig. 3, the variations of the coefficients with angle Aa are relatively
small. Thus, the variation of crack strike with depth is negligible in such cases.
As Aa changes, r12 and r21 first increase until Aa = 45”, then decrease as Aa
exceeds 45”. Generally, r 12 # r21, if Aa # 0” and #90”; the difference between r12
and r21 for a given velocity-contrast and given anisotropic parameters is small, but
may be observable in optimum circumstances.
From (4) and (lo), we obtain
r21h2 =

L/h1 =

1 - 6JO0, if a # 0 and # 90”,

(17)

where the ratio of r21 to r12 is related to the degree of differential shear-wave anisotropy in the upper medium at an interface.
In a four-component shear-wave survey, rl 1 and r22 can be considered as the
diagonal elements, and r12 and r2 1 as the off-diagonal elements in the data matrix
after the split shear-waves have been separated. [The separation is often made by
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rotating the instrumental axes to the natural coordinate system of the upper
medium.] In the studies of anisotropy in reflection surveys reported so far (Alford
1986; Thomsen 1988; Squires et al. 1989), the energy in such off-diagonal elements
was minimized by rotation and the remaining energy was treated as random noise.
Equation (17) shows that, when crack strike changes with depth, it is possible to
detect anisotropy by analysing amplitudes of the off-diagonal elements after the
separation of split shear-waves.
EFFECTS

ON

TRANSMISSION

COEFFICIENTS

Similar discussions to those for reflection coefficients in Figs 2, 3 and 4, also apply
to transmission coefficients in Figs 5, 6 and 7. The features can be summarized as
follows.

Velocity-contrast
Figure 5 shows the variation of transmission coefficients with velocity-contrast;
Fig. 5a shows the variation with Vl, where &, a2 and V2 are fixed at 2%, 10% and
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FIG. 5. Transmission coeficients plotted against difference in crack strike, Aa, for different
velocity-contrasts. (a) Variation for different values of V,, where 6,, 6, and V2 are fixed; (b)
variation for different values of V, , where 6,, 6, and V, are fixed.
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FIG. 6. Transmission coefEcients plotted against difference in crack strike, A,a, for different
degrees of anisotropy in medium 1, S,, where the degree of anisotropy in medium 2, a,, is
fixed. (a) Large velocity-contrast: V, = 1.5 km/s, V, = 43.0 km/s; (b) very large velocitycontrast: V, = 1.5 km/s, V, = 5.0 km/s.

5.0 km/s, respectively, and V1 is chosen as 1.5, 2.0 and 3.0 km/s; Fig. 5b shows the
variation with Vz, where &, d2 and V1 are fixed at 2%, 10% and 1.5 km/s, and Vz is
chosen as 2.0, 3.0 and 5.0 km/s. In Fig. 5a, as V1 varies from 1.5 to 3.0 km/s, the
velocity-contrast decreases, hence the transmission coefficient at a given Aa
increases; in Fig. 5b, as V2 varies from 2.0 to 5.0 km/s, the velocity-contrast
increases, and the transmission coefficient at a given Aa decreases.

Degree of shear-wave anisotropy
Figures 6 and 7 show the variation of transmission coefficients with percentage
differential shear-wave anisotropy in the media. Figure 6 shows the variation with
&, where a2 is fixed at 15%, and V1 and Vz are 1.5 and 3.0 km/s in Fig. 6a (high
velocity-contrast) and are 1.5 and 5.0 km/s in Fig. 6b (very large velocity-contrast).
Figure 7 shows the variation with &, where a1 is fixed at 2%, and V1 and T/2 are the
same as in Fig. 6. We can see immediately that the value of tll (solid lines) is
independent of both a1 and d2 (Figs 6 and 7). This is because the fast shear-wave
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FIG. 7. As Fig. 6, but for different degrees of anisotropy in medium 2,6,, where the degree of
anisotropy in medium 1, 6,, is fixed. (a) Large velocity-contrast; (b) very large velocitycontrast, as in Fig. 6.

is only slightly affected by the cracks. Figure 6 also shows that t12 (broken lines) is
independent of a,, and Fig. 7 shows that tZ1 (dotted-broken lines) is independent of
&. Both t22 (dotted lines) and t,, (dotted-broken lines) decrease as d1 increases (Fig.
6), but increase as a2 increases (Fig. 7).

Crack strike diflerence
Figures 5, 6 and 7 show that as Act varies from 0” to 90”, t,, and tz2 decrease
from their maximum values to zero, but t12 and t21 increase from zero to their
maximum values. There is also an amplitude difference between the transmitted
faster and slower shear-waves. At Act = O”, tll and t2* have a maximum difference,
and this difference gradually decreases as Aa increases. Compared with the values of
t11 and t229 this difference is relatively small, even when the velocity-contrast is very
large as in Figs 6b and 7b. For this reason, the differential amplitude between the
transmitted faster and slower shear-waves is difficult to observe.
Figures 5, 6 and 7 also show that the transmission coefficients are more sensitive
to the variation of the difference in crack strike than the reflection coefficients. If the
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crack strike difference Aa exceeds 20”, there will be significant energy in the offdiagonal components t,, and t,, whose presence is diagnostic of the variation of
crack strike with depth. Thus, analysing amplitudes of transmitted split shear-waves
in VSPs or cross-hole surveys is likely to be a more reliable method for detecting
variation of crack strike with depth than analysing amplitudes of reflected shearwaves.
DISCUSSION

We summarize the effects described above, then discuss the evidence for changes in
crack orientation, and the accuracy and reliability in determining changes in crack
geometry in seismic data.

Summary of the effects
We have shown that in addition to the polarization and time-delay of split
shear-waves, there are two other features which contain information about the
variation of crack strike and crack density in shear-wave reflections when the velocity increases with depth. These are the differential amplitude between the faster and
slower split shear-waves, and the presence of off-diagonal energy of r21 and r12 in
the data matrix after split shear-waves have been separated. However, if the
velocity-contrast of an interface is large (vs2 - I&) 2 1.0 km/s), the two features will
not be very significant, compared with the diagonal energy in the data matrix after
separation, and may be considered as negligible. This suggests that if the velocitycontrast is large, the variation of crack strike with depth, and the difference between
the faster and slower principal time-series can be neglected. This is important for
processing shear-wave data in the presence of anisotropy, because these two
assumptions are used by most of the techniques for analysing shear-wave splitting in
multicomponent shear-wave data (MacBeth and Crampin 1990).
However, if the velocity contrast is small ((b2 - I&) < 0.3 km/s), these two features (the differential amplitude between the faster and slower split shear-waves and
off-diagonal energy in the data matrix) are significant and can be observed. In such
cases, the current rotation techniques for studying anisotropy in multicomponent
shear-wave data may not be valid because their assumptions cannot be justified.
Without taking into account the difference between rll and r22 and the presence of
r12 and r219 rotation techniques will yield invalid estimates of anisotropy and crack
geometry, as demonstrated by MacBeth and Yardley (1992), although proper techniques can be developed based on these reflection coefficients (MacBeth et al. 1992).
We have also shown that in such cases the ratio of r12 to r21 may give good estimates of anisotropy in the upper layer of a reflection interface.
In contrast, the transmission coefficients are more sensitive to variations of crack
strike regardless of the velocity-contrast. If the difference in crack strike between the
upper and lower medium of an interface exceeds 20”, considerable energy will be
converted to the off-diagonal elements t12 and t,,. This suggests that variation of
crack strike with depth can be more easily detected in transmitted shear-waves
recorded in VSPs or cross-hole surveys than in reflection surveys.
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Moreover, transmission coefficients are generally larger than reflection coefficients for a given configuration of layer parameters. In other words, most energy
will transmit through interfaces except when the velocity-contrast is very large
(more than 3.5 km/s). This is similar to wave propagation in layered isotropic media.
As a result, the difference between t 1 1 and t22 is a relatively small percentage of their
value, and the differential amplitude between the transmitted faster and slower split
shear-waves is difficult to detect.

Can crack/stress change orientation ?
Observations of crack or stress changing with depth have been reported widely
in the geophysical literature. We discuss a few examples here.
Hickman, Zoback and Healy (1988) find that a major stratigraphic discontinuity
or slip on a fault may abruptly change stress magnitude and orientation. They suggested there may be combinations of fault normal compression with the traditional
strike-slip stress configuration which may vary locally. Such changes of stress magnitude and orientation are likely to modify the geometry of fluid-filled microcracks
and fractures, and Winterstein and Meadows (1991) use this model to interpret
polarization changes as a crack-strike change observed above and below a major
unconformity in multicomponent VSPs near the San Andreas Fault in California.
Warpinski and Teufel (1991) present another geological example of stress
changes with depth. They find stress orientations in tuffs changing by up to 45”. In
such a case a stiff layer of hard brittle rock probably carries regional stresses and
decouples softer beds above and below, so that the stress field of the softer rocks can
be largely independent. Squires et al. (1989) and Lewis, Davis and Vuillermoz (1991)
observed that time-delays of split shear-waves changed sign above and below a
reservoir formation. The simplest explanation of this time-delay change is that crack
orientations change with depth, although there may be other explanations such as
that the change may be caused by shear-wave raypaths passing through point singularities (Crampin 1991).

The inverse problem
The inverse problem is to identify the effects and determine crack geometry from
multicomponent seismic data. However, the inverse problem cannot be solved completely from four coefficients, and independent determination of the density and Pand S-wave velocities of the untracked (isotropic) matrix is required. In most cases,
density can be normalized or derived from well logs. Velocity information can also
be derived from logs, and crack strike and degree of anisotropy in overburden can
be determined by rotating the data matrix. This reduces the non-uniqueness
(MacBeth 1991), but non-uniqueness is common in many geophysical inverse problems, and additional independent information is crucial for further reductions.
Another concern in the inverse problem is accuracy and reliability of the shearwave measurements. Errors in real data can be introduced by a variety of phenomena: source imbalance, geophone misalignment, various types of noise, poor
coupling, etc. Lewis (1989) examined errors in surface seismic surveys, Winterstein
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and Meadows (1991) discussed the problem in VSPs. Zeng and MacBeth (1993)
provide a more detailed analysis of errors. Assuming a reasonable control of the
field acquisition, the accuracy of shear-wave measurements depends strongly on the
degree of shear-wave splitting (anisotropy). If shear-wave splitting is significant
(anisotropy > 5%) and relative errors in geophone alignment, poor coupling and
source imbalance are less than 15%, errors in polarization measurements will be less
than 5” (Zeng and MacBeth 1993). Nevertheless, if the anisotropy is weak (< l%),
the phenomena can be easily destroyed by even a small error.
One possible way to improve reliability is to analyse relative changes either
among traces or among different components, because systematic errors may cancel
out when relative changes between components are examined. It is often true that
relative changes are more stable and more significant than absolute values in geophysical exploration. In conventional P-wave seismic data, it is relative amplitude
changes between traces that an interpreter is seeking, while in multicomponent data,
relative changes between components in addition to relative changes between traces
are sought. Here, we also intend to examine the relative amplitude changes among
the four-component seismic data corresponding to the four coefficients. There are at
least two approaches: one is to examine relative changes between the main diagonal
components (r 1 1 and r22), that is, to examine amplitude changes between the fast
and slower components, as demonstrated by Mueller (1991); the other is to examine
the relative changes between the off-diagonal elements, as shown in (17). This can
certainly improve the accuracy and reliability and reduce the dependence on the
accuracy of the absolute amplitudes.
The impedance contrast also plays an important role, as discussed above.
However it is difficult to define precisely the maximum impedance contrast at which
the inverse problem can be solved because other factors, such as acquisition errors,
are involved and it is difficult to isolate these effects. Processing errors is another
phenomenon affecting the inverse problem. The most important precondition for
obtaining reliable information is to maintain the relative amplitude variations
during processing (Li, Mueller and Crampin 1993). For this purpose, conventional
techniques affecting the relative amplitude and the phase variations, such as scaling,
deconvolution, etc. cannot be used (Lewis 1989). Instead, multicomponent vector
scaling (Li 1992) and vector deconvolution (Kramer and Davis 1991) are required.
Wild et al. (1993) gave a full account of processing tips necessary for interpreting
anisotropy information correctly from multicomponent data.

CONCLUSIONS

In order to evaluate shear-wave amplitude variations with crack strike and crack
density, we have derived approximate expressions for calculating plane shear-wave
reflection and transmission coefficients at vertical incidence at an interface separating two cracked (anisotropic) media with different crack strikes. For an interface
with high velocity-contrast, the crack-geometry information contained in the variation of reflection amplitude is minimal and is unlikely to be detected in field data,
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and the effects of crack strike varying with depth have a negligible effect on processing shear-wave data in the presence of anisotropy.
For an interface with low velocity-contrast, such effects may be more diagnostic.
In such cases, analysing the amplitude of the off-diagonal elements in the data
matrix may be useful for extracting anisotropic information, after instrumental axes
have been rotated to the natural coordinate system of the medium concerned.
However, the effects of crack strike changing with depth are more sensitive to transmitted waves than reflected waves regardless of the velocity-contrast and the degree
of anisotropy.
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APPENDIX
DERIVATION OF REFLECTION AND
TRANSMISSION COEFFICIENTS

Stress-strain relationship
Figure 8 shows schematically an anisotropic material with orthorhombic symmetry formed from a combination of PTL- and EDA-anisotropy. A shear-wave
entering such a material necessarily splits into two phases with different speeds and
different polarizations (Crampin 198 1). For near-vertical propagation, the faster
split shear-wave is polarized parallel to the crack strike and the slower split shearwave perpendicular to the crack strike. We assume a right-handed coordinate
system as shown in Fig. 8, where x1 is parallel to the crack normal, x2 is parallel to
the crack strike and x3 is vertical downwards. This system may be called the natural
coordinate system for vertical propagation in a cracked material. We have the following stress-strain relationship (Crampin 198 1):
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where aij and &ij (i, j = 1, 2, 3) are stress and strain tensors, respectively, and cij
(i,j= I,2 ,..., 6) are elastic constants. Using ul, u2 and u3 to represent the displacements along the corresponding axes, we have
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= JUJdXj + aUj/8.Xi 7
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FIG. 8. A schematic illustration showing shear-wave propagation in an anisotropic medium

with orthorhombic symmetry formed from a combination of PTL- and EDA-anisotropy, with
the coordinate system used in this study.

and
& ij

if i = j.

= dUJaXj,

(fw

Elastic constants
Take x1, x2 and x3 as the local natural coordinate system of medium 1 and xi,
xl, and xl, as the local natural coordinate system of medium 2. In medium 1, we
have (Crampin 1981)
c44

= A%

c55

= PIG19

g32 = C44E32 3

c55 6310
Similarly, in medium 2, we have
c31 =

Ck4

=

P2 G2

CL5

=

P2 v;27

=
a;, =

cl,2

W)

9

Ck49$32 9
c;,&,

w

where the primed variables are parameters of medium 2 in its local natural coordinate system.
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Boundary conditions
We take the local coordinate system of medium 1 as the global coordinate
system and the plane x3 = 0 as the interface. We can write the boundary conditions
as

u21:3=0 = u2lL0,
u31~3=0 = u31~3=0~
2
1
O31 I x3=0 =631 I x3=09
012 I :3=0 =c12 I x23=09

W)

where I ’ denotes parameters referring to medium 1, and I 2 denotes parameters
referring to medium 2, and all measurements are under the global coordinate
system.

Coordinate transform
As the global coordinate system is that of medium 1, we need to apply a coordinate transform to the parameters of medium 2. The transform is a horizontal rotation from system (xi, xl,) to (xl, x2), as shown in Fig. 9, where Aa is the crack strike
difference between media 1 and 2. Aa is positive if it is measured anticlockwise from
the x,-direction (crack strike of medium l), and negative if measured clockwise.
Thus, we have

Ul

= u; cos Aa + u; sin Aa,

u2

= ul, cos Aa - u; sin Aa,

031 =

c& cos Aa + al,, sin Aa,

c32 = al,,

cos Aa - oh, sin Aa,

W)

FIG. 9. Coordinate transform from a local natural coordinate system (xi, xi) to the global
coordinate system (x,, x2 for a horizontal rotation of Aa.
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where the unprimed variables are measurements in the global coordinate system (xl,
x2, x3) and the primed variables are measurements in the local natural coordinate
system (xi, xl,, xl,).

qS1 at normal incidence
In this case, the displacements in medium 1 under the global coordinate system
can be written as
exp [io(t + X3/V&),

U1 = A2
u2

= A, exp [ic@ - x3lYl1)l +

4

exP m-G + x,lvl1)19

u3 = 0,

(A?

where CLJ is the angular frequency and i = J-1. Substituting (A7) into (A2) and
(A3), we can write the stresses c31 and 032 in medium 1 under the global coordinate
system as
O31 = @ilA2k-0 exP Cidt + x3/b1)~
O32

= pl Vl l(io){ -A, exp [i@ - x3K1)l +

4

exP CW + x,lv,,)I}.

W)

The displacements u’ and the stresses a;, and a;, in medium 2 under its local
natural coordinate system can be written as

4 = 4 exp [ico(t - x;/V~~)],
4 =

A3

exp [ico(t - xl,/V12)]

ul, = 0
and
41 = P2 T/22

al,,

=

&(-id exp CiN - 4v,2)1,

p2 V12 A3(

- im) exp [im(t - x;/V,,)].

(AW

Substituting (A9) and (AlO) into (A6), the displacements ul and u2 and the stresses
031 and 032 in medium 2 under the global coordinate system can be written as

u1 = A, exp [icc>(t - x3/r/22)]

cos Aa

+ A3 exp [i@ -

~3/Vl2)]

sin Aa,

exp [io(t - x3/VlJ]

cos Aa

- A4 exp [ico(t -

~3/V22)]

sin Aa

~2 = A3

(All)

and
031 = p2 V22

A4( -ice) exp [ia(t -

x3/v,2)] cos Aa + p2 v,2A3(-i4

x exp[i& - x3/Vr2)] sin Aa,
O32 = p2 V12 A3(

-i~) exp [ico(t -

x exp[io(t - x 3/ V22)]

~3/Vl2)] cos

sin Aa.

Aa - p2 V22 A4( -ice)
(fw
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Substituting (A7), (A8), (All) and (A12) into (A5), noting that x3 = 0 at the interface, and making some suitable manipulations, we have
A, = A, cos Act + A, sin Aa,
A, + A, = A, cos Aa - A, sin Aa,

PJilA2 =

-p2 V22 A, cos

Aa - p2 VI2 A, sin Aa,

PlvdAl - A,) = p2 V22 A, sin Aa - p2 V’2 A, cos Aa.

(Al3)

Dividing (A13) by A,, then noting (2), we have
52

= t12 cos Aa + t,, sin Aa,

1 +r,, = tll cos Aa - t,, sin Aa,’
Plv2lrl2 =

-p2 V-22 t,‘, cos Aa - p2 VI2 t,, sin Aa,

Pll/,l(~ll - 1) = -p2 V22 t12

Thus, expressions for rl 1, r 12,
(4), (5) and (6).

sin Aa + p2X12 t,, cos Aa.

tll

and

t,,

WV

can be obtained from (A14) following (3),

qS2 at normal incidence
In this case, again the displacements
be written as

031 and

Ul

= A, exp [io(t -

x3/Y,l)I + A2 exP b@ + x3/v2l)],

u2

= Al exP CW +

x,/r/,,)],

u3 =

031

032

in medium

0

= p1 V,,(h){ - A, exp [ia(t -

x3/v,l)l + A2 exP b-+ + x3/v,l)I},

O32 = plT/,lAl(i~) exp [i@ + x3/&)]*

(AW

Note that the displacements and the stresses in medium 2 for this case are the
same as in the previous case. Substituting (All), (A12), (A15) and (A16) into (A5)
and letting x3 = 0, we have

A, +

A,

= A, cos Aa + A, sin Aa,

A, = A, cos Aa - A, sin Aa,
PJ21642 - 4 = -p2 V22 A, cos Aa - p2 VI2 A,

sin Aa,

pr V,,A, = p2 V22 A, sin Aa - p2 VI2 A, cos Aa.
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Dividing (A17) by A, and using (8), we have
1 + r22 = t,, cos Aa + t,, sin Aa,
r21 =

t,, cos Aa - t,, sin Aa,

p1V21(r22 - 1) = -p2 V22 t22 cos Aa + p2 V’2 t,, sin Aa,
PJd21 = p2 V22 t,,

sin Aa - p2 Vl2r21 cos Aa.

Thus, expressions for r22, r21, t,, and
(lo), (11) and (12).

t,,

(Al8)

can be obtained from (A18), following (9),
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