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Seismic wave propagation in cracked porous media
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S U M M A RY
The movement of interstitial £uids within a cracked solid can have a signi¢cant e¡ect
on the properties of seismic waves of long wavelength propagating through the solid.
We consider three distinct mechanisms of wave-induced £uid £ow: £ow through connections between cracks in an otherwise non-porous material, £uid movement within
partially saturated cracks, and di¡usion from the cracks into a porous matrix material.
In each case the cracks may be aligned or randomly oriented, leading, respectively,
to anisotropic or isotropic wave speeds and attenuation factors. In general, seismic
velocities exhibit behaviour that is intermediate between that of empty cracks and that
of isolated liquid-¢lled cracks if £uid £ow is signi¢cant. In the range of frequencies for
which considerable £uid £ow occurs there is high attenuation and dispersion of seismic
waves. Fluid £ow may be on either a wavelength scale or a local scale depending on the
model and whether the cracks are aligned or randomly oriented, resulting in completely
di¡erent e¡ects on seismic wave propagation. A numerical analysis shows that all models
can have an e¡ect over the exploration seismic frequency range.
Key words: attenuation, cracked media, dispersion, £uids, seismic anisotropy, wave
propagation.

1

IN T ROD U C T I O N

The mechanical properties of rocks containing cracks or other
cavities of low aspect ratio may be investigated on the basis of a
model in which the material contains a random spatial distribution of penny-shaped cracks. These cracks may be partially
or completely ¢lled with £uid. The theory of the e¡ective
properties of materials containing cracks has been developed
by a number of authors (e.g. O'Connell & Budiansky 1974;
Anderson et al. 1974; Nishizawa 1982). For an e¡ective medium
theory it is assumed that the wavelengths are large compared
with the size of the cracks; in addition we assume here that the
crack distribution is dilute.
In the studies referred to above the cracks are isolated and
no £uid can £ow from one crack to another or within single
cracks during the passage of a seismic wave. The e¡ect of £ow
is that £uid pressure is released from the more highly compressed cracks, or from more highly compressed regions within
cracks, to the less compressed, with consequent e¡ects on the
overall wave speeds and attenuation. Until quite recently, the
analysis of wave propagation in porous and permeable media
was generally based upon the empirical approach pioneered
* Now at: BG International, Gas Research and Technology Centre,
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by Biot (1956), in which no attempt was made to provide a
theoretical connection between the geometry of the porous
microstructure and the parameters appearing in the equations
for the waves. Subsequent attempts to give such a connection
(e.g. Burridge & Keller 1981) are hampered by the complexity
of certain averaging processes. Further progress along these
lines could be made if, for instance, an extremely simple model
of the porous microstructure were employed. One such model
might be that of circular cracks as used here.
In this paper we consider the transfer of £uid by three
di¡erent mechanisms:
(a) between cracks through seismically transparent pathways
(Fig. 1a; Sections 3 and 4);
(b) within isolated partially saturated cracks (Fig. 1b;
Sections 5 and 6); and
(c) from the cracks into a background porous matrix
(Fig. 1c; Sections 7 and 8).
In each model the cracks may be aligned (as depicted in Fig. 1;
Sections 3, 5 and 7) or randomly oriented (Sections 4, 6 and 8).
Theories for (a) interconnected cracks and (c) cracks with
equant porosity have already been developed for aligned cracks
by Hudson et al. (1996). In Appendix A the interconnected
cracks theory is extended to the case where the cracks have
random orientations. Similarly, formulae are derived for randomly oriented cracks with equant porosity in Section 8. A
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Figure 1. A schematic 2-D diagram that shows the three di¡erent models for £uid £ow: (a) between connected cracks, (b) within cracks that are
partially saturated with two di¡erent £uids, and (c) from cracks into a background porous matrix. The cracks are aligned in this diagram but may also
have random orientations.

theory for isolated cracks that are partially saturated with a
single £uid was put forward by Hudson (1988). This foundation
is developed in Appendix B for the case where there are two
£uid phases, e.g. gas and oil, for both the aligned and the
randomly oriented geometries.
The new and pre-existing theoretical results are reviewed
and compared with other available theories. Model (a) was
studied by O'Connell & Budiansky (1977) and Mavko &
Nur (1975) and their results will be compared with ours in
Section 4.2. Partially saturated cracks (model b) have been
investigated by Walsh (1965) and Mavko & Nur (1979) and
their ¢ndings are discussed in Section 4.2. Results for cracks
with equant porosity (model c) have been given by Thomsen
(1995). However, these are cast in a di¡erent form to our results
and so comparisons have been deferred to a separate paper
(Hudson et al. 1999).
Finally, the theories presented herein are formulated in
terms of the key dimensionless parameters. This provides a
basis for a numerical analysis, in each model section, where
the parameter ranges over which £uid £ow has an e¡ect on
seismic velocities and dispersion are estimated using values for
the crack geometry, £uid and rock matrix that are deemed
realistic.

give the crack^crack interactions. We assume here that the
crack distribution is dilute so that the crack density e is less
than 0:1. The crucial part of the method is the calculation of c1 ,
which can be expressed as a function of the compliances of a
single crack,
c1 ~c1 (U11 , U33 ) ,

(2)

where U11 is the response of a representative crack to a shear
traction and U33 is the response to a normal traction (Hudson
1986). The second-order term c2 can then be written in terms
of c1 as
c2ijkl ~

1 1
c s c1 ,
k ijrs rstu tukl

(3)

where
sijkl ~fdik djl (4zb2 /a2 ){(dij dkl zdil djk )(1{b2 /a2 )g/15 ,

(4)

and a and b are the respective P- and S-wave speeds of the
matrix material.
3 IN T E RC O N N E C T E D A L IG N E D C R ACK S
( I N T C O N A L IG N )
3.1 Theory

2

T H E OR ET ICA L BAC KG RO U N D

Cracked materials appear smoothly varying to waves of
su¤ciently large wavelength. E¡ective medium theory predicts
the overall wave speeds and attenuations of long waves in
cracked materials in terms of the properties of the uncracked
solid and the parameters describing the cracks and distribution. We idealize the cracks as having a circular shape. The
realistic nature of di¡erent approaches for modelling cracks
and fractures is discussed by Liu et al. (2000). The theories are
valid for a low aspect ratio c/a, where a is the crack radius and
c is the crack half-thickness. The expression for the e¡ective
elastic constants of cracked material c, accurate to second
order in crack density e~la3, where l is the number density of
cracks and a is the crack radius, is given by Hudson (1986) as
0

1

2 2

c~c zec ze c ,
0

(1)

in which c is the elastic tensor for the isotropic (possibly
porous) matrix material, c1 are the ¢rst-order terms, which
account for single scattering, and the second-order terms c2

The model of interconnected cracks is based on a medium
containing a random spatial distribution of cracks that can
exchange £uid via small pathways (Fig. 1a). These £uid connections are assumed to be seismically transparent in the sense
that wave-induced interactions between them and the cracks
may be ignored (they may, for instance, have a much smallerscale size) and their response to changes in £uid pressures will
be small (they will be relatively non-compliant). The theory is
given by Hudson et al. (1996) and is summarized below.
When the cracks are aligned with normals along the 3-axis,
eq. (2) can be written as
c1ijkl ~{(1/k)c0s3ij c0t3kl Ust ,

(5)

where fUst g~diagfU11 , U11 , U33 g. In the presence of connections between cracks, the response, U33, of each crack to an
imposed normal stress changes from the expression used for
isolated cracks. The parameter U11 remains una¡ected since a
shear stress applied to a crack face does not produce a volume
change. The resulting expressions given by Hudson et al. (1996)
ß 2000 RAS, GJI 142, 199^231
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Table 1. The dimensionless parameters used in the numerical analyses.
Description
Intracrack viscosity
Fluid incompressibility

Formula
ug a
Pv ~ f
kc
aif
Pi ~
ck
if Kr au
egf co2

Models
INTCON ALIGN, PARTIAL ALIGN, EQUANT ALIGN
INTCON ALIGN, INTCON RANDOM, EQUANT ALIGN, EQUANT RANDOM

Long-range diffusion

Plrd ~

Short range diffusion

Psrd ~uq

Squirt flow

Psq ~

ugl a3
k c

PARTIAL ALIGN, PARTIAL RANDOM

Equant porosity

Pep ~

c2
J2

EQUANT ALIGN

Relaxation time

Peq ~uqe

INTCON ALIGN
INTCON RANDOM

EQUANT RANDOM

for the case of interconnected aligned cracks are

16 (jz2k)
(1zM) ,
U11 ~
3 (3jz4k)

4 (jz2k)
U33 ~
(1zK) ,
3 (jzk)

3.2
(6)

where




4a iugf
jz2k
,
nc
3jz4k
k
{1



a if jz2k
3iif k2 Kr
K~
1{
,
nc k jzk
4nla2 cugf

M~

(7)

j and k are Lamë's parameters for the solid matrix, if is
the bulk modulus of the £uid in¢ll and gf its viscosity, c/a
is the aspect ratio of the cracks, u is the angular frequency,
k is the wavenumber and Kr is the permeability of the rock,
including the cracks and cavities. (To ¢rst order, k may be put
equal to u/a for a P or qP wave, and u/b for S or qS).
The quantity M allows for the e¡ect of viscosity of the £uid
in¢ll on a crack's response to shear, and K allows for the e¡ect
of compressibility of the £uid and the pressure-releasing
e¡ect of the interconnections between cracks on the response
to the normal tension. Dry cracks (that is, cracks ¢lled with air
or gas where viscosity and incompressibility can be neglected)
are given by M~K~0, and £uid-¢lled isolated cracks by
putting Kr ~0 in the expression for K (see Hudson 1981).
With the cracks aligned, pressure di¡erences between cracks
occur on a wavelength scale; neighbouring cracks are compressed to the same extent and so, at the scale of the microstructure, there is no local pressure relieving £ow. At low
frequencies, the time available for the equalization of pressure
is relatively long but the wavelength (the distance over which
di¡usion has to be e¡ective) is also long. It turns out (rather
unexpectedly) that at low frequencies the material acts as if
the cracks were isolated and £uid-¢lled. At high frequencies,
pressure release is so e¡ective that it is as if the cracks
were empty (K~0). (The situation is completely di¡erent for
randomly oriented cracks, as discussed in Section 4.) The e¡ect
of crack viscosity is that the crack surfaces resist shear at very
high frequencies (ugf a/kc&1, U11 ^0) and respond as if the
crack were empty at low frequencies (ugf a/kc%1, M^0).
ß 2000 RAS, GJI 142, 199^231

Numerical analysis

The most convenient and encompassing way to analyse the
interconnected aligned cracks model for £uid £ow, and the
other models described later in this paper, is in terms of nondimensional quantities. We wish to determine the parameter
ranges over which £uid £ow becomes an important mechanism for dispersion and attenuation of seismic waves. The
dimensionless parameters that we choose are listed in Table 1.
The elastic properties of the matrix and the visco-acoustic
properties of several crack £uids that are used are also tabulated
(Table 2). Some of the values are taken from the PetroTools
software (Petrosoft Inc. 1997) and are similar to those given by
Batzle & Wang (1992). We include only the zeroth- (matrix)
and ¢rst-order terms in the expressions for the e¡ective elastic
constants in the foregoing analyses.
The behaviour of the complex crack shear response U11
(eq. 6) is controlled by M (eq. 7), which can be written as


4i
jz2k
M~ Pv
,
(8)
n
3jz4k

Table 2. Common input parameters used to generate Figs 3^22.
Matrix properties (sandstone)

P-wave speed
S-wave speed
density

3300 m s{1
1800 m s{1
2200 kg m{3

Fluid properties (water)

P-wave speed
density
viscosity

1500 m s{1
1000 kg m{3
10{3 Pa s

Fluid properties (oil)

P-wave speed
density
viscosity

1299 m s{1
800 kg m{3
3|10{3 Pa s

Fluid properties (natural gas)

P-wave speed
density
viscosity

620 m s{1
65 kg m{3
2|10{5 Pa s

Crack properties

radius
aspect ratio
crack density (e)

3|10{3 m
10{3
0:03
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where we de¢ne the intracrack viscosity parameter Pv as
Pv ~

ugf a
.
kc

(9)

We may write the expression for U11 in eq. (6) as
4n
A
U11 ~
,
3 1ziAPv

(10)

where
A~



4 jz2k
.
n 3jz4k

This is of the form of the complex shear modulus for a
Maxwellian solid, as we show in Section 4.1. Its real and
imaginary parts are displayed in Fig. 2; the imaginary part of
U11 controls the attenuation and is described as a function
of Pv (or as a function of frequency) by the bell-shaped curve
in Fig. 2(b). The real part is related to the dispersion and
follows the monotonic form of Fig. 2(a). The maximum value
of Im U11 coincides with the maximum rate of change in
Re U11 with Pv , and we ¢nd that signi¢cant attenuation occurs
over 10{2 =Pv =102. If we take oil-¢lled cracks (most viscous
example) then intracrack viscosity only becomes a signi¢cant
attenuation mechanism if (ua)/c>1010, which is only the case
if, say, c/a=10{5 and f >100 kHz. This is outside the realm of
seismology. (If a~3|10{3 m then e¡ective medium theory is
not applicable at f >100 kHz anyway.) This means that this

mechanism generates negligible attenuation and dispersion,
and may be disregarded, in fact, for all £ow models considered
in this paper.
The crack response to a normal traction, U33 (eq. 6), is
controlled by K (eq. 7), which can be expressed as
 

{1
Pi jz2k
3i
K~
1{
Plrd
,
4n
n jzk

(11)

where the incompressibility parameter Pi is
Pi ~

aif
,
ck

(12a)

and the long-range di¡usion parameter Plrd is
Plrd ~

if Kr au
,
egf co2

(12b)

o being the wave speed. Although rather more complicated
than eq. (10), eq. (6) for U33 also gives rise to curve shapes for
Re U33 and Im U33 similar to those shown in Fig. 2. In fact U33
can be written in the form



4 jz2k
B
1z
U33 ~
3 jzk
1{iuqc
(13)



4 jz2k
B
~
1{
(1{iuqc ){1 ,
3 jzk
1zB
where
B~



Pi jz2k
,
n jzk

qc ~

3 if Kr a
4n egf o2 c

and the relaxation time q0c is
q0c ~qc /(1zB) .

Figure 2. Variation in (a) shear wave speed and (b) shear wave
attenuation with frequency u (logarithmic scale) for a Maxwell solid.

(14)

So we see that the relaxation time increases (or critical frequency decreases) with the £uid incompressibility factor Pi.
The magnitude of the dispersion/attenuation is governed by
the factor B/(1zB), which varies from zero (Pi ~0) to unity
(Pi ??).
For a given value of Pi , the value of U33 approaches that of
isolated £uid-¢lled cracks as Plrd ?0 (u?0), and that of dry
cracks as Plrd ?? (u??). This rather unexpected result is
due to the fact that, as the frequency increases (and hence the
time for £uid £ow decreases), the scale length of the pressure
gradient, which is a wavelength, also decreases. In the end, the
distances between the peaks and troughs of pressure decrease
faster than the time for £uid £ow, and at high frequencies
the cracks are fully drained. The opposite e¡ect occurs at low
frequencies, and £uid £ow ceases and the cracks are isolated.
A Pi value approximately equal to 102 corresponds to
water- or oil-¢lled cracks that have an aspect ratio of 10{3 .
Gas-¢lled cracks with the same shape give Pi ^100. For oilor water-¢lled cracks with reasonable values for the crack
density (e~0:03) and whole-rock permeability (Kr ~100 mD),
and putting o~a~3300 m s{1 , we estimate that the frequency range over which long-range di¡usion has an e¡ect
(100 =Plrd =105 ) is about 200 Hz^20 MHz. However, for gas¢lled cracks (10{1 =Plrd =103 ) this range is about 30 Hz^
300 kHz. Conversely, if the permeability is increased to 1 D
ß 2000 RAS, GJI 142, 199^231
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Figure 3. Variation in the wave speed of qP (solid), qSV (dotted) and qSH (dashed) with incidence angle for (a) isolated gas-saturated (Pi ~100 )
and (b) isolated water-saturated (Pi ~102 ) cracks according to Hudson (1981).

(this is approximately the upper limit that is measured in
consolidated rocks), then the limits decrease by an order of
magnitude. If the permeability is reduced to 10 mD then the
limits increase by a factor of 10. If the aspect ratio is increased
to 10{2 the range limits also increase by about 10, but the
maximum amounts of attenuation and dispersion decrease
(as Pi decreases).
Long-range di¡usion can start to a¡ect the passage of
seismic waves through rocks with oil- or water-¢lled cracks
(Pi ^102 ) at exploration frequencies (10= f=100 Hz), but only
for relatively high permeabilities and small crack densities,
e.g. Kr ~1 D and e~0:03, or Kr ~100 mD and e~0:003. The
e¡ects will be more pronounced at higher frequencies, for
example, in cross- or single-well imaging [ f ^5 kHz, e.g.
Majer et al. (1996)], and laboratory studies [ f ^100 kHz,
e.g. Rathore et al. (1995)]. However, if the cracks are ¢lled with
gas then the a¡ected frequency range has limits that are about a
factor of 10 lower. Long-range £uid £ow will therefore have
a larger e¡ect at lower exploration frequencies for gas-¢lled
cracks than for liquid-¢lled ones owing to the increased compressibility, which reduces the frequency at which attenuation
is at its peak. However, the e¡ects of attenuation and dispersion are still more likely to be observed at higher frequencies
(borehole imaging and laboratory experiments). The maximum
attenuation and dispersion are reduced compared to oil or
water ¢lls, but are still signi¢cant.
The phase speeds of qP, qSV and qSH are plotted against
incidence angle to the crack normal in Fig. 3 for isolated gas¢lled (e¡ectively dry) and isolated water-¢lled cracks according
to Hudson (1981). A criticism of Hudson (1981) is that for the
liquid-saturated case, qP waves travel in the direction normal
to the cracks at a similar speed to those in the direction
parallel to the cracks (Thomsen 1995). Similar velocity plots
are shown in Fig. 4 for the INTCON ALIGN model. Fig. 4(d)
corresponds to Pi ~102 (water-¢lled cracks) and a small
value for the long-range di¡usion parameter Plrd , and the curve
shapes approach those for isolated water-saturated cracks
(Fig. 3b). Similarly, with Pi ~100 (gas-¢lled cracks) and a
large value for Plrd (Fig. 4c), the curves correspond to those for
empty cracks (Fig. 3a). These two observations are clearly in
line with the limiting values for Plrd ?0, Plrd ?? seen in Fig. 3.
In Fig. 4(e) and even more so in 4(f), the increased value of
Plrd implies greater £uid £ow, which causes qP to travel at a
reduced speed perpendicular to the crack faces; this is expected
intuitively as there is a higher compliance for longitudinal
particle motion perpendicular to the cracks.
ß 2000 RAS, GJI 142, 199^231

Clearly, the angle at which the two shear slowness sheets intersect (known as the shear wave singularity) is now controlled
by both the long-range di¡usion and the incompressibility
factor. Another observation is that Hudson (1981) predicts a
negligible amount of attenuation [due to intracrack viscosity Pv
(see above) and also due to scattering (Peacock & Hudson
1990)]. However, Figs 5(b) and (f) show that the attenuation
of qP and qSV waves can become signi¢cant due to longrange £uid di¡usion. Figs 5(c) and (d), however, show small
attenuation for the cases that approach dry and isolated water¢lled cracks respectively. The particle motion in qSH waves is
parallel to the crack surfaces, so no £uid compression occurs
and there is no attenuation. In addition, the wave speed of qSH
is the same for all values of Pi and Plrd (Fig. 4).
It is instructive to examine the variation of attenuation
with Plrd (or equivalently with permeability or frequency) of
waves travelling parallel (i~900), perpendicular (i~0) and at
450 to the crack normal, for ¢xed values of Pi (Figs 6 and 7).
There is no qSV attenuation at i~0, 900, and maximum qSV
attenuation at i~450. The maximum qP attenuation occurs for
propagation perpendicular to the crack faces, as expected. For
Pi ~100 (Fig. 6) the maximum attenuation at all angles occurs
at about Plrd ~101 , and for Pi ~102 (Fig. 7) this increases to
about 2|102 . The peak attenuation and dispersion increase
with decreasing £uid compressibility as we have already
mentioned. It is interesting, but not surprising, to note that the
attenuation of qP is always greater than qSV.
4 IN T E RC O N N E C T E D R A N D OM LY
OR I E N T E D C R AC K S ( I N T C O N R A N D OM )
4.1 Theory
When the cracks are connected, as in the previous section,
but no longer aligned, separate cracks will deform di¡erently
under any stress ¢eld that is not actually isotropic. This means
that pressure di¡erences, and hence pressure-relieving £ow will
take place at the scale of the microstructure as well as on the
scale of a wavelength. The theory for interconnected randomly
oriented cracks (INTCON RANDOM) is developed in
Appendix A.
If the cracks are oriented equally in all directions, the overall
properties of the material are isotropic and eq. (2) becomes
(Hudson 1980)
c1ijkl ~i1 dij dkl zk1 [dik djl zdil djk {(2/3)dij dkl ] ,

(15)
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Figure 4. Variation in the wave speed of qP (solid), qSV (dotted) and qSH (dashed) with incidence angle for di¡erent values of the incompressibility
parameter Pi and the long-range di¡usion parameter Plrd for the INTCON ALIGN model.

where (see eq. A18)
( 

{1 )
i1
i
1{1/c
ik2 Kr if
1{
(1ziucq)
~{ U33 1{
,
k
1ziuq
i
ucgf

et al. 1996)

k1
2
(2U33 z3U11 ) ,
~{
15
k

where m and Km are, respectively, the porosity and permeability of the uncracked rock, and l is a measure of intercrack spacing and is roughly equal to a/e1=3. This estimate is
based on the straightforward £uid di¡usion time over a scale
length l (Nur & Booker 1972).
At high frequencies (uq&1), eqs (16) revert to those for
isolated £uid-¢lled randomly oriented cracks (Hudson 1981),
since at such frequencies no di¡usion of £uid between cracks
can occur. At su¤ciently low frequencies (uq%1) the bulk
modulus once again takes the value for isolated £uid-¢lled
cracks, since under quasi-static hydrostatic stress the £uid within
each crack is compressed to the same extent so no intercrack
£ow occurs. The shear modulus, on the other hand, takes
the same value as for dry cracks, since under quasi-static
shear stress the overall volume change is zero (O'Connell &
Budiansky 1977).

(16)

and i~jz2k/3 is the bulk modulus of the matrix material;
U11 is given once again by eq. (6), while (eq. A3)



4 jz2k
1ziuq
U33 ~
.
(17)
3 jzk
1ziucq
The quantity  is the overall porosity of the rock due to the
cracks (~4nla2 c/3) and (eq. A5)


a if jz2k
c~1z
.
(18)
nc k jzk
Finally, q is a time constant for local (intercrack) pressure
relaxation by di¡usion and it may be estimated as (Hudson

q~

m gf l 2
,
if Km

(19)

ß 2000 RAS, GJI 142, 199^231
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Figure 5. Variation in the wave attenuation of qP (solid) and qSV (dotted) with incidence angle for di¡erent values of the incompressibility
parameter Pi and the long-range di¡usion parameter Plrd for the INTCON ALIGN model.

Eq. (16) above for i1 shows also that if the long-range permeability Kr is zero, the ¢rst-order e¡ect on the bulk modulus is
exactly the same as for isolated cracks:




i1
i 4 jz2k
a if jz2k {1
1z
~{
(20)
k 3 jzk
nc k jzk
i
at all frequencies. This con¢rms the conclusion of O'Connell
& Budiansky (1977) that, if di¡usion on the scale of a wavelength is ignored, £ow between cracks does not a¡ect the bulk
modulus. If Kr is not negligible then wavelength-scale £ow
a¡ects i1 ; however, local £ow, governed by q, also plays a part.
The expressions given by O'Connell & Budiansky (1977)
for randomly oriented connected cracks di¡er somewhat at
low crack densities from our ¢rst-order terms in that they
restrict their results to the case (aif /ci)&1. With the slightly
di¡erent assumption that (aif /ck)&1, eq. (20) gives i1 ~0,
which is the result given by O'Connell & Budiansky
(1977). Using if ~2:25|109 N m{2 , k~2:10|1010 N m{2 ,
i~0:91|1010 N m{2 and with an aspect ratio c/a~10{2, we
have (aif /ci)~24:7, (aif /ck)~10:7. These values may be considered to be large but for greater aspect ratios (c/a~1/20, say)
the approximation using aif /ck&1 cannot be used.
ß 2000 RAS, GJI 142, 199^231

The shear modulus is una¡ected by long-range di¡usion, as
in the case of aligned cracks. Eq. (16) gives


 

k1
32 1 jz2k
1ziuq
3(jz2k)
z
(1zM){1 .
~{
45 2 jzk
1ziucq
3jz4k
k
(21)
The second term, corresponding to the e¡ect of £uid viscosity
within each crack, is identical (at low crack densities) to that
given by O'Connell & Budiansky (1977). The ¢rst term,
however, which corresponds to the e¡ect of the interactions
between cracks, di¡ers considerably in that O'Connell &
Budiansky (1977) replace (1ziuq)/(1ziucq) by
1
,
1ziuq0

(22)

where the relaxation time q0 is estimated as
q0 ~

gf a2
i Km

(23)

for low crack densities, where Km is once again the permeability of the material connecting the cracks. A further
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Figure 6. Variation in the wave attenuation of qP (solid) and qSV (dotted) with the long-range di¡usion parameter Plrd for incidence angles of 00,
450 and 900 for the INTCON ALIGN model. The incompressibility parameter Pi ~1.

estimate of this relaxation time has been given by Mavko &
Nur (1975), namely the `squirt' time, qs :
g a2
qs ~ f
,
(24)
i c
where  is the overall porosity, including the cracks. Squirt £ow
is the name given by Mavko & Nur (1975) to the mechanism we
have invoked above, namely the £ow between cracks or pores
that, because of their di¡erent orientations, are compressed
di¡erently. The di¡erence between eq. (24) and our estimate
(eq. 19) lies in the fact that Mavko & Nur (1975) assumed that
the cracks were adjacent and that £uid £owed from one to
another directly, rather than through a porous matrix. Their
model is clearly more appropriate for high-density crack distributions. A similar estimate for this case was given by O'Connell
& Budiansky (1977); it is
g a3
qs ~ f
.
(25)
ei c
Clearly, there is little agreement as to the value of the
relaxation time since the results obtained by di¡erent authors

are model-dependent. However, we obtain some convergence
between the form of the equations obtained by Hudson et al.
(1996) and those of O'Connell & Budiansky (1977) if we once
again apply the assumption that aif /ck&1 (i.e. c&1). Then uq
must be small, otherwise the e¡ect on the shear modulus of the
£uid connections vanishes and


1ziuq
1
^
,
(26)
1ziucq
1ziuq
where this time constant is


aq if jz2k
q00 ~
nc k jzk
1 a m gf l 2
~
n c kKm

(27)

using (19).
The relaxation time q00 is quite di¡erent from q0 , given for
low-density distributions of cracks by O'Connell & Budiansky
(1977) (eq. 23), whose model is based on incompressible
£ow from a circular crack into a porous matrix. With the
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Figure 7. Variation in the wave attenuation of qP (solid), qSV (dotted) and qSH (dashed) with the long-range di¡usion parameter Plrd for incidence
angles of 00, 450 and 900 for the INTCON ALIGN model. The incompressibility parameter Pi ~102 .

approximation given by eq. (26), we have
 

k1
32 1 jz2k
(1ziuq00 ){1
~{
45 2 jzk
k



jz2k
{1
(1ziuqv )
z3
,
3jz4k

(28)

where q00 is given by eq. (27) and qv is the relaxation time for
viscous shearing of the £uid within the crack,
qv ~



4a jz2k gf
nc 3jz4k k

(29)

(see eq. 7). The e¡ects of crack connections and of viscous
shearing are clearly similar, although operating with di¡erent
relaxation times, and each corresponds to a perturbation of the
shear modulus of the form
k1
C
~{
,
1ziuqc
k
ß 2000 RAS, GJI 142, 199^231

(30)

where C is a constant depending on the crack geometry and
the material properties of the £uid and solid, and qc is the
appropriate relaxation time.
Eq. (30) is that governing the response of a Maxwell solid
(see Aki & Richards 1980) and gives, to ¢rst order, a perturbed
shear wave speed


C
b~b0 1{
,
(31)
2(1zu2 q2c )
where b20 ~k/o, and attenuation is given by
Q{1
S ~

Cuqc
.
1zu2 q2c

(32)

Fig. 2 shows the frequency dependence of both the wave speed
and the attenuation factor with the characteristic monotonic
increase of wave speed with frequency and peaked attenuation
curve. The greatest wave speed variation with frequency and
the maximum attenuation occur in the neighbourhood of
u~1/qc .
The frequency dependence of the ¢rst term on the right of
eq. (21), without the assumption aif /ck&1 (which is equivalent
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to c&1), takes the form


k1
1ziuq
~{C
1ziuqc
k


1
1{1/c
~{C z
:
c 1ziuqc

(33)

It follows that the frequency variation of the wave speed and of
the attenuation is similar to that of the simple Maxwellian
model (eq. 30) but with qc ~cq.
4.2

Numerical analysis

We now ignore the e¡ect of long-range di¡usion, by making
Kr ~0, so that the ¢rst-order perturbation in bulk modulus
ei1 /i is given by (eq. 20)



 {1
i1
i 4 jz2k
jz2k
1z
Pi
~{
,
(34)
k 3 jzk
jzk
i
where the incompressibility factor Pi is given by eq. (12a).
Short-range di¡usion has no e¡ect in this case, as noted earlier,
and the formula is identical to that for isolated cracks (Hudson
1981). The value of ei1 /i, where e is the crack density and set
equal to 0.03, is plotted against Pi in Fig. 8. A low value of Pi

corresponds to a highly compressible crack £uid such as gas.
As Pi increases, the perturbation in bulk modulus decreases
and approaches zero (isolated saturated cracks).
The e¡ect associated with the intracrack viscosity factor Pv
is negligible, as we have shown above (Section 3.1), so the
perturbation in shear modulus is given by eq. (21) with M~0:
 



k1
32 1 jz2k
1ziPsrd
3(jz2k)
,
(35)
z
~{
45 2 jzk
3jz4k
k
1zicPsrd
where the short-range di¡usion parameter Psrd is (see eq. 19)
Psrd ~

um gf l 2
~uq
if Km

(36)



Pi jz2k
n jzk

(37)

and
c~1z

as before. Fig. 9 shows the real and imaginary components of
ek1 /k plotted against Psrd (which is proportional to frequency
and the inverse of matrix permeability Km ) for several values of
Pi . At higher frequencies (or permeabilities) the shear modulus
perturbation approaches the value for isolated saturated cracks,
and at low frequencies it approaches the case of empty cracks.

Figure 8. Variation in the ¢rst-order perturbation to the bulk modulus with the incompressibility parameter Pi for the INTCON RANDOM
model. The dashed line corresponds to dry cracks.
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Figure 9. Variation in the real (solid) and imaginary (dashed) parts of the ¢rst-order perturbation to the shear modulus with the short-range
di¡usion parameter Psrd for the INTCON RANDOM model. The values corresponding to dry cracks are plotted as a short-dashed line.

This behaviour is opposite to the dependence of U33 on longrange di¡usion in the INTCON ALIGN model (Section 3),
and is much more in line with physical intuition. As described
earlier, the di¡erence is due to the fact that, for short-range
di¡usion, the di¡usion length (the intercrack spacing) is ¢xed
while for long-range di¡usion it is a wavelength that increases
with frequency.
The shear and P-wave attenuations are given by
Q{1
S ~

Im (k1 )
k

(38)

and
Im (k1 )
k
Q{1
Q{1
~
P ~
kz3i/4
kz3i/4 S

(39)

respectively. Therefore, both P- and S-wave attenuation
are proportional to Im (ek1 /k) (Fig. 9). For randomly oriented
cracks the qP attenuation is always smaller than the qS
attenuation; the reverse is true for the INTCON ALIGN
model. The real component Re (ek1 /k) controls the dispersion
of P and S waves.
Once again we see the characteristic curve shapes in Fig. 9
and once again we can demonstrate that the expression for
ß 2000 RAS, GJI 142, 199^231

k1 /k in eq. (35) can be put into the familiar Maxwellian form



k1
32 3(jz2k)
1 jz2k
z
~{
45 3jz4k
2c jzk
k



1 jz2k c{1
z
(1ziuq0c ){1 ,
(40)
2 jzk
c
where, this time, q0c ~cq. Eq. (40) is similar (apart from a
sign change) to eq. (13) for U33 for aligned connected cracks
(INTCON ALIGN), since c~1zB and the factors governing
the magnitude of the dispersion/attenuation are the same:
c{1
B
~
:
c
1zB

(41)

As before we see that the peak value of attenuation increases
with decreasing compressibility. However, the e¡ect of £uid
compressibility on the relaxation time q0c ~cq is opposite to that
for aligned cracks (q0c ~qc /(1zB). The critical frequency in
Fig. 9 decreases with increasing Pi , whereas the opposite is true
for INTCON ALIGN (Section 3). This change of pattern
is linked to the change in behaviour with frequency when the
crack-spacing length l for short-range di¡usion is replaced by
the wavelength (u/o) for long-range di¡usion.
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Using parameter values that are appropriate for exploration
seismology, m ~20 per cent, f ~25 Hz, Km ~100 mD, and
using the crack properties in Table 2 produces a value of
Psrd ^0:01 for both gas and water in¢lls. Depending on the value
of Pi , this may correspond to a region of high attenuation.
The e¡ect of short-range di¡usion is about the same for water
and gas crack £uids as the respective values of gf /if are
approximately equal to 10{13 for both. However, Pi plays an
important role. There is much higher attenuation and dispersion
for gas (which is more compressible) than for oil or water,
and the peak occurs in the neighbourhood of Psrd ^0:01. For
a laboratory scale, f ~100 kHz, and a smaller crack radius,
a~0:1 mm, we obtain Psrd ^0:1, which is closer to the regime
of high dispersion and attenuation for an oil/water crack in¢ll.
We conclude that short-range pressure di¡usion of £uids from
randomly oriented cracks occurs over a wide frequency band
that encompasses exploration through to laboratory scales
(in contrast to when the cracks are aligned).

in eq. (6) with (eq. B18)



4a iu
jz2k
{ql gl z(1{ql )gg }
,
M~
nc k
3jz4k

where gg is the viscosity of the gas. In addition (eq. B53),


4 jz2k
{1{iK2 /(1zK1 )}/(1zK1 ) ,
U33 ~
(44)
3 jzk
where (eqs B24 and B54)



a jz2k ql 1{ql {1
K1 ~
z
,
nck jzk
il
ig
 

 3 

u a
jz2k
1
1 2 ql 1{ql {2
K2 ~
{
z
nk c
jzk
il ig
il
ig

5.1

and (eq. B49)
Fg (q)~F2 (q)^A2 (1{q)[1z cos n(1{q)] ,

Theory

Another mechanism that involves pressure gradients within
the £uid content of porous rock is that which occurs within
partially saturated cracks. In this case the £uid £ow takes place
within the crack and is driven by the di¡erent compressibilities
of the liquid and gaseous components of the crack in¢ll; under
compression, the liquid is driven into the space previously
occupied by gas (Fig. 1b).
Mavko & Nur (1979) developed expressions for the
attenuation factor Q{1 for P and S waves in a material with
randomly oriented cracks that are partially saturated with a
single £uid. At low frequencies these show a linear increase
with frequency, similar to the low-frequency part of Fig. 2(b).
The analysis is based on a parallel walled pore, and, at higher
frequencies, the attenuation factor shows a peak and subsequent decay to zero, as in Fig. 2(b), although the decay
follows u{3=2 rather than u{1 .
Expressions for the overall sti¡nesses of a material containing aligned cracks partially saturated with one £uid phase
were given by Hudson (1988). These are valid only at relatively
low frequencies and lead to attenuation factors that are linear
in frequency and wave speeds independent of frequency. Both
this study and the study by Walsh (1965) were based on an
ellipsoidal model for a crack. In Walsh's (1965) results, the
attenuation factor is of the form of eq. (32) with a relaxation
time
 3
4(jz2k) 2
a
qw ~
q g
,
k(jzk) l l c

(42)

where ql is the ratio of the volume of liquid within a crack to the
total volume of the crack, gl is the viscosity of the liquid and
c/a is the aspect ratio of the cracks. Neither of these studies
(Hudson 1988; Walsh 1965) has taken account of the gas within
the crack and the e¡ect of its compressibility, which clearly
becomes signi¢cant when the crack is nearly fully saturated
ql ^1. Expressions that take both £uids into account are
derived in Appendix B. The result for U11 is of the same form as

(45)

|{gl Fl (ql )zgg Fg (1{ql )}

Fl (q)~F1 (q)^A1 (1{q)[1z cos n(1{q)] ,
5 A L IG N E D PA RT I A L LY SAT U R AT E D
C R AC K S ( PA RT I A L A L IG N )

(43)

(46a)

with A1 ~0:053, A2 ~0:058. Eqs (46a) hold if the liquid occupies
the central area of the crack; if the liquid is distributed around
the crack edges, then
Fl (q)~F2 (q), Fg (q)~F1 (q) :

(46b)

In these equations the su¤x l refers to the liquid and g to
the gas; the volume proportion of gas in the equilibrium state
is qg ~1{ql . It may be added that these expressions can be
used when the crack in¢ll consists of any two £uidsögas/gas,
gas/liquid or liquid/liquid.
If the resistance to compression of the gas is neglected
(i.e. ig /il %1, aig /ck%1) then


aig
jz2k
K1 ^
%1 ,
(47)
(1{ql ){1
jzk
cnk
  

u a 3 jz2k
K2 ^
(1{ql ){2 {gl Fl (ql )zgg Fg (1{ql )} :
nk c
jzk
(48)
In addition, the viscosity of the gas may also be negligible so
that eq. (48) becomes
  

u a 3 jz2k gl Fl (ql )
K2 ^
:
(49)
nk c
jzk (1{ql )2
(Note that these approximations become invalid if the volume
proportion of gas qg is small.) With the neglect of K1 and for
small jK2 j, this result is the same as that of Hudson (1988)
except that the factor Fl (ql )(1{ql ){2 in the current formula
replaces (c/h)3 (3/4z ln 2)ql of Hudson (1988). The quantity h
here may be taken to be the mean half-thickness of the crack,
so that c/h~3/2, which means that
 3
c
(3/4z ln 2)ql ~4:86ql :
(50)
h
The relaxation time implied by eq. (49) is
  

1 a 3 jz2k gl Fl (ql )
qp ~
,
nk c
jzk (1{ql )2

(51)
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which corresponds to that found by Walsh (1965) (eq. 42)
except that his q2l is replaced here by Fl (ql )(1{ql ){2 (4n){1.
Thus, in terms of the relaxation time, this study, Hudson
(1988) and Walsh (1965) give similar results in circumstances in
which the nature of the gas in¢ll can be ignored except that the
dependence on the degree of saturation by the liquid is di¡erent
in each case. When the presence of gas is importantöfor
instance, when 1{ql %1öthe full equations (44) and (45)
should be used. These show that the e¡ect of viscosity on U33
vanishes if both £uids are equally compressible (il ~ig ) or if
one or other is absent (ql ~1, 0).
However, since Hudson's (1988) result and eq. (44) are linear
in frequency, they must be regarded as approximations for
small values of (uqc ). This is also implied in their derivation.
Walsh's (1965) results are more plausible at higher frequencies.
The overall sti¡nesses for aligned, partially saturated cracks
are given, as usual, by eqs (1), (3) and (5) in terms of U11
and U33 .

5.2

Numerical analysis

If we take water (or oil) for the liquid phase, and natural gas
for the second phase, then gl /gg &1 (Table 2) and the behaviour
of U11, which is dependent on M (eq. 43), is the same as
for INTCON ALIGN (eq. 7) except for a scale factor, which
is the liquid saturation ql . For INTCON ALIGN the intracrack viscosity parameter Pv is too low over the seismic and
laboratory range of frequencies for any signi¢cant attenuation
to occur and the behaviour is as for dry cracks. For
PARTIAL ALIGN, Pv is multiplied by the additional factor
ql (and ql ¦1), so we do not consider this e¡ect any further.
The crack response to a normal traction U33 is given by
eq. (44). If the two £uid phases are, again, water (or oil) and
gas, then gg %gl and ig %il (Table 2) and we can write K1
(eq. 47) as


Pg
jz2k
,
(52)
K1 ^ i (1{ql ){1
jzk
n
where Pig is given by eq. (12a) but in this case is speci¢cally for
the gas phase (i.e. if is replaced by ig ), and K2 as (eq. 49)


Psq jz2k Fl (ql )
K2 ^
,
(53)
jzk (1{ql )2
n
in which the squirt £ow parameter Psq is
ug
Psq ~ l
k

 3
a
:
c

(54)

These equations for K1 and K2 are valid when the quantity of
gas is not too small (ql =0:9).
The liquid saturation ql is ¢xed at 0.5 in the following
calculations; Fl (ql )/(1{ql )2 acts only as a scale factor on K2
and so changes in ql can be allowed for by scaling K2 . The
PARTIAL ALIGN model predicts a constant Re U33 as Psq
varies, for any value of Pig (or ql ), and therefore there is no
velocity dispersion.
For any particular value of Psq the value of Im U33, and
hence attenuation, increases as the gas becomes more compressible; that is, there is less resistance to £ow of liquid. For an
aspect ratio c/a~10{3 (Pi ~100 ), squirt £ow begins to have
ß 2000 RAS, GJI 142, 199^231
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an e¡ect at Psq >0:1, or f >100 Hz. For very thin cracks,
c/a~10{4 , this lower frequency limit reduces, dramatically, to
about 1 Hz, and for thicker cracks, c/a~10{2 , increases to
100 kHz: squirt £ow is very sensitive to the aspect ratio. Squirt
£ow is less sensitive to the liquid saturation (except when there
is a very small amount of gas, which is not considered here). If
c/a~10{3 and ql ~0:9, then squirt £ow begins to have an e¡ect
at f >10 Hz.
Squirt £ow has an e¡ect over the exploration frequency
range, but only for quite thin cracks, c/a=10{3 , or high liquid
saturations. It is likely to be pronounced at frequencies greater
than 100 Hz. However, the graphs are only valid for small
values of Psq (Section 5.1); for example, if c/a~10{3 then the
attenuative behaviour is not predicted very accurately for
f >10 kHz.
The phase velocity is plotted against incidence angle for
several values of Psq and Pi , keeping ql ~0:5, in Fig. 10. The
graphs con¢rm that there is no velocity dispersion e¡ect. The
phase velocities change only with the £uid incompressibility
(or liquid saturation). The velocities plotted are intermediate
between those for the dry and isolated £uid-saturated cases
(Fig. 3).
The corresponding plots for phase attenuation are displayed
in Fig. 11. Figs 11(a) and (c) correspond to f ^1 and 10 kHz
respectively. The plots show the same behaviour as the
INTCON ALIGN model except that the dependence on £uid
compressibility is reversed. This is due to the fact that low
£uid compressibility enhances £ow between fully saturated
cracks but low compressibility in the gas phase (as here)
restricts the £ow of the liquid and hence reduces attenuation.
The phase attenuation is also plotted against squirt £ow
Psq (or frequency) in Figs 12 (Pig ~1) and 13 (Pig ~2) for
incidence angles of 0, 450 and 900. As for INTCON ALIGN
we see no qSH attenuation, and zero attenuation for qSV
propagating directions that are either parallel or perpendicular
to the crack normals, since no compression of the aligned
cracks occurs in these waves. Maximum qSV attenuation again
occurs at 450 to the cracks but is vanishingly small at all
frequencies when Pig ~2 (Fig. 13). We emphasize again that the
PARTIAL ALIGN model for attenuation is linear with frequency and so is only accurate for small Psq . The attenuation of
qP is higher than that of qSV as it is for INTCON ALIGN
(Figs 6 and 7) for the same reason.

6 R A N D OM LY OR IE N T E D PA RT I A L LY
SAT U R AT E D C R AC K S ( PA RT I A L R A N D OM )
6.1 Theory
If the cracks are partially saturated, as in the previous section,
but not aligned, then eq. (5) is replaced by (Hudson 1986)
1X n n 0 n n 0
ec1ijkl ~{
en lsq qt cstij lup qo cuokl Uqp ,
(55)
k n
where the a¤x n (n~1, 2, . . .) refers to groups of mutually
aligned cracks; the nth group of cracks have normals in the
direction qn , {lijn } is a rotation matrix that takes the O3 axis into
the direction qn and en is the crack density of the nth group
(&n en ~e). For a continuous distribution of orientations, the
sum is replaced by an integral, and, if the orientations are
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Figure 10. Variation in the wave speed of qP (solid), qSV (dotted) and qSH (dashed) with incidence angle for di¡erent values of the squirt £ow
parameter Psq and incompressibility parameter Pig with liquid saturation ql ~0:5 according to the PARTIAL ALIGN model.

Figure 11. Variation in the wave attenuation of qP (solid), qSV (dotted) with incidence angle for di¡erent values of the squirt £ow parameter Psq and
incompressibility parameter Pig with liquid saturation ql ~0:5 according to the PARTIAL ALIGN model.
ß 2000 RAS, GJI 142, 199^231
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Figure 12. Variation in the wave attenuation of qP (solid) and qSV (dotted) with the squirt £ow parameter Psq for an incompressibility parameter
Pig ~1.0, liquid saturation ql ~0:5 and incidence angles of 00, 450 and 900 according to the PARTIAL ALIGN model.

Figure 13. Variation in the wave attenuation of qP (solid) and qSV (dotted) with the squirt £ow parameter Psq for an incompressibility parameter
Pig ~2.0, liquid saturation ql ~0:5 and incidence angles of 00, 450 and 900 according to the PARTIAL ALIGN model.
ß 2000 RAS, GJI 142, 199^231
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completely random,
1
c1ijkl ~{
4nk

2n

n

0

0

6.2

lsq (, h)lup (h, )qt (h, )qo (h, o)

| sin hdhdc0stij c0uokl Uqp ,

(56)

where flij (h, )g and fqi (h, )g correspond to crack normals in
the (h, ) direction of spherical polar coordinates.
The ¢rst-order changes, i1 and k1 , to i and k are given by
c1jjkk ~9i1 ,
c1jkjk ~3i1 z10k1 :

(57)

Substituting from eq. (56) we obtain
i1
i
~{ U33 ,
k
i
k1
2
f2U33 z3U11 g ,
~{
15
k

(58)

where U11 and U33 have the same expressions as for
PARTIAL ALIGN (see eqs 43 and 45).

Numerical analysis

We use eqs (58) to plot the perturbations in shear and bulk
moduli against the squirt £ow parameter Psq (eq. 54) for several
values of the incompressibility parameter Pig (eq. 12a) in Figs
14 and 15 respectively. The liquid saturation ql , corresponding
to oil or water, is again ¢xed at 0.5. We use eq. (38) again for the
attenuation of S and can, therefore, refer to Fig. 15. However,
the P attenuation is expressed as


4
Im i1 z k1
3
Q{1
,
(59)
P ~
4
iz k
3
and this is shown in Fig. 16 as a function of Psq .
The real parts of the perturbations in elastic moduli do not
change with squirt £ow, so, as for PARTIAL ALIGN, there
is no velocity dispersion; there is also increased P and SV
attenuation as the gas in¢ll becomes more compressible. Both
P and SV attenuation increase with squirt £ow (or frequency)
but the attenuation of P is an order of magnitude greater
than that of SV. Once again, these are features that have

Figure 14. Variation in the real (solid) and imaginary (dashed) parts of the ¢rst-order perturbation to the bulk modulus with the squirt £ow parameter Psq for di¡erent values of the incompressibility parameter Pig and with liquid saturation ql ~0:5 according to the PARTIAL RANDOM
model. The dotted line shows the value of ei1 /i (which is real) for dry (completely empty) cracks.
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Figure 15. Variation in the real (solid) and imaginary (dashed) parts of the ¢rst-order perturbation to the shear modulus with the squirt £ow
parameter Psq for di¡erent values of the incompressibility parameter Pig , and with liquid saturation ql ~0:5 according to the PARTIAL RANDOM
model. The dotted line shows the value of ek1 /k for dry (completely empty) cracks.

already been noted for aligned cracks (PARTIAL ALIGN).
Squirt £ow with randomly oriented cracks has an e¡ect over
approximately the same frequency range as when the cracks
are aligned.
The expression (44) for U33 in the case of partially saturated
cracks is a low-frequency approximation and is linear in u. We
may write it as
0
U33 ~U33
(1{iuT ) ,

where
0
U33
~



4 jz2k
(1zK1 ){1
3 jzk

(60)

(61)

and
uT ~K2 /(1zK1 ) :

(62)
0
U33 ~U33
;

At zero frequency,
this is the static case where the
liquid and gas within a crack compress and dilate in proportion
to their compressibilities. At high frequencies, on the other
hand, the £uid £ow will be negligible and the liquid and gas
will be compressed without relative movement. We may construct an expression for U33 from that for isolated cracks
ß 2000 RAS, GJI 142, 199^231

(Hudson 1981):



jz2k
fel (1zK1l ){1 zeg (1zK1g ){1 g ,
3 jzk

4
?
~
eU33 ~eU33

(63)

where K1l ~[(al il )/(nck)][(jz2k)/(jzk)], K1g ~[(ag ig )/(nck)]|
[(jz2k)/(jzk)], and ep , eg are respectively the crack densities
of the liquid-¢lled and gas-¢lled parts of the cracks, considered
as separate populations. At these two limits there is no
attenuation.
By analogy with INTCON RANDOM, where the mechanism of local £uid £ow is very similar to that of partially
saturated cracks, it is plausible to suggest that the frequency
dependence for the two will be similar; that is, for partially
saturated cracks we would expect U33 to take the form
?
U33 ~U33
f1zC/(1ziuq0p )g

(64)

(see eq. 13), where C is given by putting u~0:
0
?
U33
~U33
(1zC) :

(65)

Further support for this construction is that it predicts
an attenuation in line with Walsh (1965). If we use the
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g
Figure 16. Variation in the P-wave attenuation Q{1
P with the squirt £ow parameter Psq for di¡erent values of the incompressibility parameter Pi and
with liquid saturation ql ~0:5 according to the PARTIAL RANDOM model.

approximation eq. (47) for K1 and the fact that, under the same
assumptions, K1l &K1g , we have
1zK1g
e
{1
eg 1zK1g /qg

1zK1g
q{3=2
~
{1 :
g
g
1zK1 /qg

C~

(66)

The relaxation time q0p can be found by comparing the
expansion of U33 to ¢rst order in u with eq. (60),
T ~qp ~B

?
U33
q0p ,
0
U33

(67)

or
q0p ~

1zC
T:
C

(68)

This is a scaled version of the relaxation time qp that we
considered in Section 5.1. The same linear dependence on the
viscosity of the liquid and on the inverse cube of the aspect
ratio remains but now there is a dependence on the gas
incompressibility parameter Pig ~(aig )/(ck) as well as on the
proportion of gas to liquid within the cracks.
7 A L IG N E D C R ACK S W IT H E QUA N T
P ORO S IT Y (E QUA N T A L IG N)
7.1

Theory

If the matrix rock is porous with porosity m, £uid may di¡use
out of the cracks into the surrounding uncracked rock rather
than into neighbouring cracks by a mechanism known as
equant porosity (Fig. 1c; Thomsen 1995). The ¢rst-order e¡ect
ß 2000 RAS, GJI 142, 199^231
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on the elastic parameters is governed by U11 and U33 once
more; these are given by eq. (6) (see Hudson et al. 1996) with M
given in eq. (7), while




a if jz2k
3(1{i)J {1
K~
1z
,
(69)
nc k jzk
2c
where
J 2 ~m if Km /2ugf ,

J > 0,

(70)

in which Km is the permeability of the rock without any cracks,
i.e. the undamaged rock. [There is a typographic error in
eq. (74) of Hudson et al. (1996) that is recti¢ed in eq. (70)
above.] Once again, individual cracks are not a¡ected by £uid
£ow when subjected to shear. Di¡usion into and out of the
pores is e¡ected by the imposition of normal tractions.
Substitution of these expressions for U11 and U33 into eq. (5)
gives the perturbation c1 in the sti¡nesses for aligned cracks, as
before.
The frequency dependence of K in eq. (69) is unlike any of
the models we have considered so far. At high frequencies, J/c
becomes small and the cracks behave as if they are £uid-¢lled
and isolated. At low frequencies, such that J/c&1, K goes to
zero and the response to dilatation is that of dry cracks. If we
take aif /ck to be large once again, the e¡ect of the equant
porosity is not seen unless J/c is large; if it is not, the cracks
barely respond to tension (U33 ^0). We may, therefore, replace
eq. (69) by


a(1zi) if jz2k
K~
,
(71)
3n kJ jzk
so that U33 takes the form


4 jz2k
[1z(1zi)(uqe )1=2 ] ,
U33 ~
3 jzk
where the relaxation time qe is given by


2 if g
a2
jz2k 2
qe ~ 2 2 f
:
9n k m Km jzk

(72)

(73)

An interesting feature of qe in this case is that it does not
depend on the thickness of the crack.
7.2

Numerical analysis

As for INTCON ALIGN and PARTIAL ALIGN, we dismiss
any e¡ect of intracrack viscosity on U11 over the seismic
frequency band. There is, therefore, no predicted dispersion or
attenuation of qSH waves.
The crack response U33 to a normal stress is controlled by K
as given above in eq. (69); we write this as
( 
){1
)(
Pi jz2k
3(1{i)
K~
,
(74)
1z
1=2
n jzk
2Pep
where the equant porosity parameter is de¢ned as
Pep ~

c2
2ugf c2
~
:
J 2 m if Km

(75)

As for INTCON ALIGN, the peak value of Im U33 (which
is related to attenuation) and maximum gradient in Re U33
(related to dispersion) increase with decreasing £uid compressibility. However, the change in £uid £ow regime with
ß 2000 RAS, GJI 142, 199^231
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frequency is reversed. As stated earlier this is because the scale
length of di¡usion for INTCON ALIGN is itself a function
of frequency. At high values of Pep the behaviour is the same
as for isolated £uid-¢lled cracks and, at low values of Pep ,
equivalent to that of empty cracks. Both of these limits are
physically plausible.
The behaviour of U33 with Pep is similar to that of a
Maxwellian solid (Fig. 2). However, unlike INTCON ALIGN
and INTCON RANDOM, the variation with frequency does
not conform exactly to the standard model of eq. (13). We may
write eq. (6) for U33 with eq. (74) for K as
!)

(

4 jz2k
3(1{i)
U33 ~
1zA
1z
1=2
3 jzk
2Pep
(
)


4 jz2k
A
{1
~
1z
,
(1zA)
1=2
3 jzk
1z(1zA)(1zi)Pep /3
(76)
where, as before,


Pi jz2k
A~
:
n jzk

(77)

The main di¡erence between the behaviour of U33 as given
by eq. (76) and that given by eq. (13) is that the term that
depends on frequency varies with u1=2 rather than u. In fact,
the u1=2 dependence is clearly stated in eq. (72), which is the
approximation for U33 , in this case for large Pi (large A).
For any particular Pi , the e¡ect of equant porosity on U33 is
marked over a large range in Pep (or frequency or permeability
or porosity). Choosing water- or oil-¢lled cracks (c/a~10{3 ,
Pi ~102 ) with thickness c~0:1 mm, matrix permeability
Km ~100 mD, matrix porosity m ~10 per cent and frequency
f ~25 Hz (exploration) gives Pep ^10{2 , which produces
a high value of Im U33 and a rapid change in Re U33 .
If the frequency is increased to 5 kHz (borehole imaging)
then Pep increases to approximately 100, and for f ~100 kHz
(laboratory scale) Pep ^20: the amount of dispersion and
attenuation are lower but still signi¢cant. If the crack thickness
is increased to 1 mm then the above values for Pep increase by
100 and the e¡ect of equant porosity becomes negligible at the
laboratory scale (although not if the porosity m is increased
to 30 per cent and the permeability Km is increased to 1 D). If
the cracks are gas-¢lled (c/a~10{3 , Pi ~100) then the above
values for Pep increase by approximately 100 and equant
porosity is a plausible attenuation mechanism over all seismic
frequencies. The aspect ratio a¡ects the dependence of crack
compliance on compressibility but the equant porosity e¡ect
depends only on the crack thickness c.
Wave speeds and attenuations are plotted against incidence
angle in Figs 17 and 18 respectively. Fig. 17(a), which is for a
high compressibility e¡ect and a low Pep, is similar to the case
for empty cracks (Fig. 3a). The di¡erences between Figs 17(a)
and (b) are very small, although Pep is larger by 103 in (b). This is
because the variation in U33 with Pep is lower for smaller values
of Pi . Conversely, Figs 17(c) and (d) (low compressibility) di¡er
markedly. At the higher frequency (Fig. 17d) the behaviour is
similar to that of isolated saturated cracks. Fig. 18 shows that
both of the extreme cases (a and d) have low qP and qSV
attenuation. In between these two end-members the £ow of
£uid from the cracks into the surrounding pore space manifests
itself in high attenuation. As for INTCON ALIGN and
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Figure 17. Variation in the wave speed of qP (solid), qSV (dotted) and qSH (dashed) with incidence angle for di¡erent values of the incompressibility
parameter Pi and the equant porosity parameter Pep according to the EQUANT ALIGN model.

Figure 18. Variation in wave attenuation of qP (solid) and qSV (dotted) with incidence angle for di¡erent values of the incompressibility parameter
Pi and the equant porosity parameter Pep according to the EQUANT ALIGN model.
ß 2000 RAS, GJI 142, 199^231
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PARTIAL ALIGN, the angle at which the shear wave slowness sheets intersect one another is dependent on the £uid £ow
and the incompressibility factor. Once again the attenuation
of qP is always greater than that of qSV. We also graph the
variation of attenuation with Pep (or frequency or decreasing
Km or decreasing m ) for incidence angles of 0, 450 and 900 for
two values of Pi (Figs 19 and 20). The attenuative behaviour
with frequency has a similar form to INTCON ALIGN but
occurs over a wider scale range of frequency.
8 R A ND OM LY OR IE N T E D C R AC K S WIT H
E QUA N T P ORO SI TY ( E QUA N T R A N D OM )
8.1 Theory
If the cracks within the porous matrix are randomly oriented,
the e¡ective medium is isotropic with the ¢rst-order corrections
to the bulk and shear moduli given by eq. (58), in which U11 and
U33 are the same as for aligned cracks. The e¡ect of equant
porosity on the dispersion of shear waves, for example, may be
examined by substituting for U33 from eq. (72) and ignoring the
e¡ect of viscosity on shear (i.e. putting M~0). This gives, for
the shear wave speed,



16e jz2k
b~b0 1{
15 3jz4k



8e jz2k
1z(uqe )1=2
{
:
(78)
45 jzk
1z2(uqe )1=2 z2uqe
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This shows that b increases monotonically as u increases from
zero (dry cracks) to in¢nity (isolated saturated cracks). The
attenuation factor for shear waves, on the other hand, is given
by
Q{1
S ~



16 jz2k
(uqe )1=2
e
:
45
jzk 1z2(uqe )1=2 z2uqe

(79)

This shows that Q{1
S tends to zero as u tends to zero or in¢nity
with an asymptotic dependence on u of u1=2 and u{1=2
respectively. The maximum of Q{1
S occurs at u~1/2qe .
8.2

Numerical analysis

We now disregard, again, the e¡ect of intracrack viscosity
(Pv ~0, M~0). Also, to simplify matters we take the incompressibility factor Pi to be large (Pi &1). This means that we
restrict ourselves to liquid-¢lled cracks (if c/a>10{3 ) so we
can write (as in eq. 72)
U33 ~



4 jz2k
[1z(1zi)(Peq )1=2 ]{1 ,
3 jzk

(80)

where Peq is equal to uqe (eq. 73) and depends on crack radius
but not aspect ratio. The SV attenuation is given by (eq. 79)


1=2
jz2k
Peq
:
1=2
45 jzk 1z2Peq
z2Peq

16
1
Q{1
S ~e Im (k )/k~

(81)

Figure 19. Variation in wave attenuation of qP (solid) and qSV (dotted) with the equant porosity parameter Pep for an incompressibility parameter
Pi ~1 and incidence angles of 00, 450 and 900 according to the EQUANT ALIGN model.
ß 2000 RAS, GJI 142, 199^231
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Figure 20. Variation in wave attenuation of qP (solid) and qSV (dotted) with the equant porosity parameter Pep for an incompressibility parameter
Pi ~100 and incidence angles of 00, 450 and 900 according to the EQUANT ALIGN model.

Since Im U11 ~0, we can write (from eq.72)
 1
k
4
Im
~{ Im (U33 )
15
k
 1
4 k
i
~
Im
,
15 i
i

Thus

(82)

1
so the values of Q{1
S can be read from the graph of e Im (i )/i
shown in Fig. 21.
In addition, since the real part of U11 is independent of
frequency, the dispersion of S (which depends on the rate
of change with frequency) can be found from the graph of
e Re (i1 )/i in Fig. 21 using

Re

k1
2
4 k Re (i1 )
:
~{ U11 z
5
15 i
i
k

(83)

The attenuation and dispersion of P can be found from
the imaginary and real parts, respectively, of (i1 z4k1 /3)/
(iz4k/3) and (from eq. 58 once more)





1
0
4
16k k
 1
i1 z k1
iz
8 B k C
i
3
45 i
~{ @
:
AU11 z
4
4
4
15
i
iz k
iz k
iz k
3
3
3

(84)



16k k
iz
45 i Im (i1 )
Q{1
P ~
4
i
iz k
3

(85)

and values can be found from Fig. 21. These are displayed in
Fig. 22. Eqs (82) and (85) indicate that Q{1
P is approximately
¢ve times as large as Q{1
S . We can therefore refer to the graph
of ei1 /i?Peq (Fig. 21) when we consider the attenuation or
dispersion of SV.
The variation of ei1 /i (and ek1 /k) with Peq has a similar
form to its dependence on Psrd for the INTCON RANDOM
model. At high frequencies (or low permeabilities or low
porosities), the behaviour is the same as for isolated saturated
cracks, and at low frequencies, dry cracks. We consider the
attenuation signi¢cant if Q=200, which corresponds approximately to 10{4 =Peq =103 (Fig. 21). If we let m ~10 per cent,
f ~25 Hz and Km ~50 mD, then Peq ^10{4 {10{3 , and we
are (just) inside the zone where dispersion and attenuation are
signi¢cant. However, if Km ~500 mD and m ~30 per cent
then this is no longer the case. The e¡ect of equant porosity
is much more marked for higher frequencies (borehole and
laboratory scale) than the exploration range.
If we do not make the assumption that Pi &1 then we can
consider gas-¢lled cracks. Using eqs (81), (82) and (85) we ¢nd
{1
that the behaviour of both Q{1
S and QP , for a variety of values
ß 2000 RAS, GJI 142, 199^231
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Figure 21. Variation in the real (solid) and imaginary (dashed) parts of the ¢rst-order perturbation to the bulk modulus with the equant porosity
parameter Peq according to the EQUANT RANDOM model.

of Pi , is identical to the form of Im (U33 ) discussed in the
previous section. Clearly, higher values of Pi take the range of
signi¢cant attenuation into lower values of Pep and therefore
towards the frequency bands of seismic interest.
9

C O NCLUS IO N S

The occurrence of £uid £ow either between cracks or within
cracks or from cracks into a porous matrix lowers the mechanical strength of rocks and has a marked e¡ect on seismic
properties, even though the volume occupied by the cracks and
pores may be small. Seismic velocities exhibit behaviour that is
intermediate between that of empty cracks and that of isolated
liquid-¢lled cracks over the range of frequencies in which £uid
£ow is signi¢cant. There is high attenuation and dispersion
that become anisotropic if the cracks are aligned (Pointer et al.
1996). New theories are presented for randomly oriented cracks
that are interconnected, or connected to the surrounding
porous matrix with mechanically invisible £uid pathways, and
for cracks that are partially saturated with two di¡erent £uid
phases (such as gas and oil). The dimensionless parameters that
describe the £uid £ow in each model could be used for the
extrapolation of laboratory results for use in ¢eld observations.
The expressions for the e¡ective elastic constants could also
ß 2000 RAS, GJI 142, 199^231

be applied to the £uid substitution problem in rock physics
analyses of well log, core and seismic data, as an alternative
to more traditional methods such as Gassman's equations
(Mavko et al. 1988).
For both connected cracks and equant porosity the
dependence of the attenuation on frequency is a peaked curve
approaching zero at either limit (u?0, ?). The relationship
follows that of a Maxwellian solid (eq. 23) for connected
cracks, and a similar formula, but with u replaced by u1=2, for
equant porosity. In all these cases the peak attenuation rises
with decreasing compressibility. Correspondingly, the range of
frequencies over which attenuation is signi¢cant decreases
except for connected aligned cracks. Putting it another way,
the relaxation time for the £uid £ow increases as the cracks
become less compressible because of the di¡erent scale length
for the pressure gradient for £ow between aligned cracks.
However, for aligned interconnected cracks the behaviour with
frequency is reversed because £uid £ow is on a wavelength
scale rather than on a local scale.
For aligned cracks we ¢nd that the e¡ect of intracrack
viscosity on the shear response of a crack is negligible over the
seismic frequency range for all three models for £uid £ow.
Consequently, there is negligible dispersion and attenuation
of qSH waves. Reassuringly we ¢nd that qP waves travel at a
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Figure 22. Variation in the P-wave attenuation Q{1
P with the equant porosity parameter Peq according to the EQUANT RANDOM model.

lower speed in the direction normal to the cracks, compared to
the direction parallel to the cracks, when there is su¤cient movement of crack £uid, as observed in laboratory experiments by
Rathore et al. (1995). For aligned cracks the attenuation of qP
waves is always greater than that of qSV. This is true also for
randomly oriented cracks, except when the £uid £ow is from
crack to crack, when the opposite is true, because there is no
local £uid £ow between randomly oriented cracks under pure
compression and hence no attenuation. Seismic images derived
from P-wave re£ection data over hydrocarbon reservoirs where
gas has leaked from a reservoir upwards into the overburden
crack and pore space are often degraded due to the gas causing
high P-wave attenuationöthe so-called `gas cloud e¡ect'
(Thomsen et al. 1997). The successful imaging of these reservoirs
with P-to-S converted waves may be explained by a model
such as equant porosity, where the gas does not signi¢cantly
increase the SV attenuation.
The formulae for partially saturated cracks are linear in
frequency and so are valid at relatively low values of u. The
limit of zero frequency corresponds to a distribution of isolated
partially liquid-¢lled cracks deforming quasi-statically during
the passage of a wave. At high frequencies it would be expected
that no £ow occurs and that the material will respond like a

mixture of isolated gas- and liquid-¢lled cracks. The attenuation
is zero at both limits; it would be reasonable to suppose that, in
between, we would see a peak in the attenuation.
From the numerical analyses we ¢nd that £uid £ow between
connected aligned cracks is e¡ective for exploration frequencies
only at relatively high permeabilities (e.g. Kr ~1 D for e~0:03).
The e¡ect is larger at the higher frequencies employed in
borehole imaging and laboratory investigations. However, if
the cracks are randomly oriented then local pressure release
can cause dispersion and attenuation over the entire seismic
band. Squirt £ow within cracks has an e¡ect at exploration
frequencies but only for quite thin cracks (c/a=10{3 ) or for
high liquid saturations (ql >0:9). The e¡ects of equant porosity
occur over a wider frequency scale than for interconnected
cracks or partially saturated cracks due to the departure from
a Maxwellian solid. If the cracks are gas ¢lled then equant
porosity is a plausible attenuation and dispersion mechanism
over all seismic frequencies. If the in¢ll is liquid, say oil or
water, then the exploration scale is still a¡ected if the cracks
are thin enough and the permeability is not too large, e.g.
c~0:1 mm, Km ~100 mD. There is a signi¢cant e¡ect for all
reasonable parameter values, irrespective of the type of crack
¢ll or orientations, over the kilohertz range.
ß 2000 RAS, GJI 142, 199^231
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C O N N E C T E D R A ND OM LY OR I E N T E D C R AC K S

The ¢rst-order modi¢cation of the material sti¡nesses due to non-parallel connected cracks is given by Hudson et al. (1996):
ec1ijkl ~{

X en
X en
n n 0 n n 0
qt cstij lup qo cuokl Uqp {
lsq
qn qn c0 l n l n c0 N n ,
k
k s t stij up oq uokl qp
n
n

(A1)

where the crack population has been divided into sets of mutually parallel cracks, the properties of the nth set being marked by the
a¤x n; for example, en is the crack density of the nth set of cracks. The normals to the cracks in the nth set are all parallel to the unit
vector qn and flijn g is a rotation matrix that takes the O3 axis into the direction qn . The matrix fUij g is
fUij g~diag fU11 , U11 , U33 g ,
where fU11 g is given by eq. (6) but U33 is replaced by



4 jz2k
1ziuq
,
U33 ~
3 jzk
1ziucq

(A2)

(A3)

and q is a time constant for local pressure relaxation that may be identi¢ed as
q~

m l 2
,
if Dm
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where m , Dm are the porosity and di¡usivity of the matrix (uncracked) rock, l is a measure of intercrack spacing and if is the bulk
modulus of the liquid in¢ll of the cracks. The parameter c is given by


a if jz2k
c~1z
(A5)
nc k jzk
on the assumption that if /i is small, and, ¢nally,
Nijn ~{




X
{1
jz2k
c{1
ik2 Dr if
c{
(1ziucq)
p lsin ltjn qps qpt
jzk
1ziucq
u
p

4
3

(A6)

[after the correction of a typographical error in eq. (50) of Hudson et al. (1996)];  is the overall porosity of the cracked rock and p is
the porosity of the pth set of cracks; Dr refers to the overall di¡usivity of the rock.
If the cracks are randomly oriented, the sum over p in eq. (A6) must be replaced by an integral, and


X

qps qpt d )q lsin ltjn
p lsin ltjn qps qpt ~
4n
p

dst lsin ltjn
3

~ dij ,
3
where d)q in the ¢rst of eqs (A7) is an element of solid angle and integration is over the unit sphere.
Substitution of this result into eq. (A6) gives

(A7)

~

Nijn ~{




{1
4
jz2k
c{1
ik2 Dr if
dij
c{
(1ziucq)
,
9
jzk
1ziucq
u

(A8)

and this, in turn, substituted into eq. (A1) results in the ¢rst-order correction
ec1ijkl ~{




X

{1
X en
en n n 0 0
4 jz2k
c{1
ik2 Dr if
n n 0 n n 0
c{
:
l q c l q c Uqp z
q q c c
(1ziucq)
jzk
1ziucq
k sq t stij up o uokl
k s t stij ookl 9
u
n
n

(A9)

Clearly, the isotropic distribution of randomly oriented cracks will lead to an isotropic form for c1 :
c1ijkl ~i1 dij dkl zk1 (dik djl zdil djk {(2/3)dij dkl ) ,

(A10)

1

where j and k1 may be found from the identities
c1jjkk ~9j1 z6k1 ~9i1 ,

(A11)

c1jkjk ~3j1 z12k1 ~3i1 z10k1 :

(A12)

Eqs (A9) and (A10) give
9ei1 ~{





X
{1
X en
en n n 0 0
4 jz2k
c{1
ik2 Dr if
n n n n 0
c{
qt lup qo cstjj c0uokk Uqp z
:
lsq
qs qt cstjj cookk
(1ziucq)
9
jzk
1ziucq
k
k
u
n
n

(A13)

Substituting for c0, we have
c0stjj ~3idst ,

(A14)

so
9ei1 ~{

9i2
k

X
n




 

{1
12i2 X
jz2k
c{1
ik2 Dr if
c{
en U33 z
en 
:
(1ziucq)
jzk
1ziucq
k
u
n

(A15)

We write the overall crack density as
X
en ~e :

(A16)

Similarly,
3i1 z10k1 ~{

1
1
4
f(3j2 z4jkz4k2 )U33 z4k2 U11 gz (9j2 z12jkz4k2 )
k
k
9



jz2k
jzk



c{1
1ziucq


c{

{1
ik2 Dr if
(1ziucq)
:
u
(A17)
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Thus we obtain, ¢nally,
(



{1 )
i1
i
4
jz2k
c{1
ik2 Dr if
U33 { 
c{
~{
(1ziucq)
k
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1ziucq
i
u
( 

{1 )
i
1{1/c
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,
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(A18)

k1
2
(2U33 z3U11 ) :
~{
15
k

A PPE N D I X B :

PA RT I A L LY SAT U R AT E D C R ACK S

The model we use for a partially saturated crack is the same as that of Mavko & Nur (1979), Hudson (1988) and Walsh (1965). The
faces of the crack are smooth and approximately parallel, and the aspect ratio of the crack is small. The wetted area of the crack is a
region within the crack interior that contains a liquid (water or oil). The remainder of the crack interior is occupied by gas. The
motions of both the liquid and the gas are controlled by the pressure gradient and viscosity; for simplicity we ignore the e¡ects of
surface tension, which may, in some circumstances, be signi¢cant (Miksis 1988).
We look for expressions for U11 and U33 that are associated with the crack responses to shear and tension respectively (see eq. 2).
They are de¢ned on a model of a £at crack with a normal in the 3-direction of Cartesian axes, situated in unbounded, homogeneous
material:
U11 ~

k
a3 ps

&

[u1 ] dS ,

(B1)

where & is the area of the crack, a3 is the mean cubed radius of the crack, k is the modulus of rigidity of the solid medium and ps is the
shear stress in the 1-direction at in¢nity; [u] is the displacement discontinuity on the crack. Similarly,
U33 ~

k
a3 pt

&

[u3 ] dS ,

(B2)

where pt is the normal stress in the 3-direction at in¢nity.
B1 Response of a crack to shear stress
We assume that, under a time-harmonic shear stress, the £uid (both gas and liquid) within the crack responds with approximately
rectilinear shear £ow between parallel boundaries; that is, the £uid displacements are given by
u1 ~

sin (1{i)x3 /d
u1 (h)
sin (1{i)h/d

(B3)

[Hudson (1988), changed to agree with the exp (iwt), rather than exp ({iwt) time dependence used in the rest of this paper], where 2h
is the thickness of the crack and the centre plane of the crack is given by x3 ~0, and
d~(2gf /uof )1=2

(B4)

(where of , gf are the £uid density and viscosity) is the scale size of the viscous boundary layer.
In eq. (B3) no allowance has been made for the mismatch in £ow between the gas and the liquid. However, it appears
that the value of d is not very di¡erent for typical choices of £uid. For example, for water we might take of ~103 kg m{3 ,
gf ~10{3 Pa s, so that d~(2/u)1=2 |10{3 m; for air, of ~1:3 kg m{3 , gf ~1:8|10{5 Pa s, so that d~(2/u)1=2 |3:7|10{3 m;
for oil, of ~0:8|103 kg m{3 , gf ~3|10{3 Pa s, so that d~(2/u)1=2 |1:9|10{3 m; for petroleum gas, of ~0:65|102 kg m{3 ,
gf ~2|10{5 Pa s, so that d~(2/u)1=2 |0:6|10{3 m.
The surface traction corresponding to the displacements of eq (B3) is in the 1-direction, and is given by


1zi
t1 (h)~
[u1 ]of u2 d cot (1{i)h/d
(B5)
4
at each point of the crack.
If the £uid within the crack had negligible viscosity we would have a dry crack with zero traction on the faces and the
discontinuity in displacement would be approximately ( from Eshelby 1957)


ps 8
jz2k h
d
[u1 ]~
,
(B6)
k n 3jz4k r
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where r is the aspect ratio of the crack. If we now subtract a uniform strain ¢eld corresponding to the shear stress p13 ~ps ,
the displacement discontinuity remains the same and the stress now vanishes at in¢nity. The traction on the surface of the dry
crack is
td1 (h)~{ps :

(B7)

We now write the displacement discontinuity for the partially saturated crack as
[u1 ]~[ud1 ]z[ua1 ] :

(B8)

Subtracting the same uniform ¢eld as before to give zero stress at in¢nity (and the same displacement discontinuity on the crack), we
obtain the following surface tractions on the crack:
t1 (h)~td1 (h)zta1 (h) ,
where td1 (h) is given by (B7) as before and ta1 (h) is given by eq. (B5):


1zi
ta1 (h)~
([ud1 ]z[ua1 ])of u2 d cot (1{i)h/d :
4

(B9)

Applying the reciprocity theorem to the ¢elds of the dry and partially saturated cracks, and neglecting inertia terms (in the
low-frequency approximation), we have
{ps

&

[ua1 ] dS~

&

[ud1 ]ta1 (h) dS :

(B10)

This leads to

&



[ud ]
1
[ua1 ] 1z 1  (h) dS~{
ps
ps

&

[ud1 ]2  (h) dS ,

(B11)

where


1zi
(h)~
of u2 d cot (1{i)h/d :
4

(B12)

The term [ud1 ](h)/ps is of the order of (of /o)(u/b)2 dajcot (1{i)h/dj, where o is the density of the solid matrix and b its shear wave
speed; a is the mean radius of the cracks. Clearly, this is a very small number (ua/b is of the order of the ratio of the crack size to a
wavelength) unless jcot (1{i)h/dj is very large, i.e. h/d%1. This is the situation where the thickness of the crack is much less than that
of the viscous boundary layer, so the e¡ect of viscosity is at its greatest. Otherwise, the contribution of [ua1 ] to the integral (B1) for U11
is negligible and the crack responds under shear as if it were dry.
The consequences for crack thickness of the condition h/d%1 are, on the basis of the parameter values given earlier and with a
frequency of 10 Hz, that h%0:45 mm for water, h%1:65 mm for air, h%0:85 mm for oil and h%0:27 mm for petroleum gas. If the
crack thickness does not satisfy the condition appropriate to the in¢ll material, then the response of the crack to shear is as if that
material were of negligible viscosity.
If h/d%1 then the viscous forces are e¡ective and
[ud1 ](h) iugf d
~
[u ]
ps
2hps 1


iugf 4 jz2k 1
~
k n 3jz4k r

(B13)

~iUf ,
thus de¢ning Uf . We now assume that [ua1 ] is not strongly correlated with the nature of the £uid (liquid or gas) at each point of the
crack, so that eq. (B11), averaged over all cracks, gives

&

[ua1 ] dS(1ziU f )~{iU f

&

[ud1 ] dS ,

(B14)

where
U f ~q1 U1 zq2 U2 ,
with U1 , U2 given by eq. (B13) for the two £uids (gas and liquid) within the crack and q1 , q2 standing for the ratios of the volumes of
the two £uids to the total crack volume.
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Eq. (B1) now gives
U11 ~

k
a3 ps

8
~ 3
na



&

([ud1 ]z[ua1 ]) dS


jz2k 1
3jz4k r



&

iU f
hdS 1{
1ziU f

(B15)


:

For an ellipsoidal crack with semi-axes a, c < a, the aspect ratio is c/a and the mean thickness is 4c/3. Using this as a guide,
we take
1
r

&

hdS~2na3 /3 ,

(B16)

which gives
U11 ~

16
3




jz2k
(1zM) ,
3jz4k

(B17)

where
M~iU f

 
4 jz2k
iu
(q1 g1 zq2 g2 )
~
n 3jz4k
kr

(B18)

and g1 , g2 are the viscosities of the two £uids.
If we put q2 ~0 , q1 ~1, we get exactly the expression given by Hudson (1981) for fully saturated cracks. In general, the viscosity
(g2 say) of a typical gas is much less than that of a typical liquid and, unless the volume ratio q1 of the liquid is extremely small, the
term q2 g2 can be neglected.
Eqs (B17) and (B18) are identical to those given for partially saturated cracks by Hudson (1988) except that (1zM){1 replaces
(1{M) in the earlier paper. These two expressions are, of course, equivalent to ¢rst order.
B2

Response of a crack to normal traction

Under normal traction, the liquid moves primarily in directions parallel to the crack faces under the in£uence of a pressure gradient.
In the static (low-frequency, low-viscosity) limit, the £uids within the crack are in equilibrium at each point of time under a uniform
pressure pzp0 , where p0 is the pressure when the system is unstressed. The change in volume of the crack as a result of a displacement
discontinuity [us3 ] normal to the crack is

&



q1 q2
[us3 ] dS~{p
z
V,
i1 i2

(B19)

where V is the total unstressed volume of the crack,
V ~2

&

hdS ,

(B20)

q1 , q2 are the ratios of the unstressed volumes of the two £uids to the total volume and i1 , i2 are the corresponding bulk moduli.
Thus, the normal traction on the crack is
ts3 ~{p~

&

[us3 ] dS

(


q1 q2
z
2
i1 i2

){1
&

hdS

:

(B21)

If the displacement discontinuity is the result of a normal stress pt at in¢nity, we may subtract a uniform strain ¢eld
corresponding to the stress ¢eld p33 ~ts3 so that the traction on the crack is zero while the displacement discontinuity remains the
same. This is now equivalent to a dry crack under normal stress (pt {ts3 ) at in¢nity, so (Eshelby 1957)
(pt {ts3 )
[us3 ]~
k

2
n



jz2k
jzk
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Using the relation (B16) as before, we have


pt 4a3 jz2k
(1zK1 ) ,
[us3 ] dS~
jzk
k 3
&

(B23)

where
K1 ~

1
nrk




jz2k
q1 q2 {1
z
:
jzk
i1 i2

(B24)

If the crack is ¢lled with a single £uid (q1 ~1, q2 ~0), eqs (B23) and (B24) correspond exactly to expressions given by Hudson (1981)
for a £uid-¢lled crack.
We now consider the low-frequency dynamic case, where the normal traction on the crack varies over the crack, creating a
pressure gradient that drives the £uid against the viscous forces.
The £uid velocity within the crack, under the assumption once again of rectilinear £ow, is (Mavko & Nur 1979; Hudson 1988)


i=p
cos (1{i) x3 /d
v~
:
(B25)
1{
of u
cos (1{i) h/d
Conservation of liquid mass gives

S

of v dSz2

A

of o3 jx3 ~h dA~{

V

Lof
dV ,
Lt

(B26)

where V is a cylindrical region within the wetted region of the crack with axis normal to the faces, A is the cross-sectional intersection
with either crack face and S is the lateral surface of this cylinder. The term Lof /Lt can be put equal to iuof p/if , where p is the
deviation of the pressure from its static value. Also, we may integrate the term on the right of eq. (B26) over the thickness of
the crack, since, to get (B25), the assumption that =p is uniform with x3 has already been made. The integral over S may also be
integrated over the thickness to obtain

2
of fo3 (x1 , x2 , h)ziuph/if g dA~{
of v . pn dS~{
= . (of v) dA ,
(B27)
A

C

A

where C is the circumference of the cylinder cross-section and n is the outward normal; v is given by integrating eq. (B25) in the same
way:


2ih
d
of v~
1{
tan (1{i) h/d = p :
(B28)
u
(1{i) h
The region A is arbitrary, so, putting
o3 ~iuu3 ,

p~{t3 jx3 ~h ,

we have
 


 
2ht3
2h
d
of [u3 ]{
tan
(1zi)
h/d
=t3 :
~= .
1{
u2
(1{i) h
if

(B29)

(B30)

Eq. (B30) is exactly the same as that given by Hudson (1988), with allowance for the changed time dependence, and with the addition
of the second term on the left, which corresponds to the e¡ect of £uid compression, assumed by Hudson (1988) to be negligible.
We now establish two integral relations between [u3 ] and t3 . First we put
[u3 ]~[us3 ]z[ua3 ] ,

(B31)

t3 ~ts3 zta3 :

If we now take the cross-sectional area A in (B27) to be the whole area of the crack, the term on the right vanishes, since the £uid
velocity normal to the crack edge is zero. This gives

&

[ua3 ] dS~2

&

hta3
dS :
if

(B32)

Next we apply the reciprocal theorem again to the two following stress displacement ¢elds in the solid matrix, both with zero stress at
in¢nity: one, corresponding to the static ¢eld, has a displacement discontinuity [us3 ] and tractions ts3 {pt on the crack, and the other,
corresponding to the low-frequency dynamic ¢eld, has a displacement continuity [u3 ]~[us3 ]z[ua3 ] and tractions t3 {pt ~ts3 zta3 {pt on
the crack. This leads to

&

[ua3 ] (ts3 {pt ) dS~

&

[us3 ] ta3 dS :

(B33)
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Eqs (B32) and (B33) may be combined to give


2hts3 a
[us3 ]{
[ua3 ] dS :
t3 dS~{pt
if
&
&

229

(B34)

In eq. (B30), which governs the pressure distribution over the crack, the term on the right involving the variation in the tractions
is small compared with the terms on the left-hand side by a factor of the order of (ua/cf )2 (d/h)2 , where cf is the speed of acoustic
waves in the £uid. We have seen that (d/h) is likely to be less than 10, while (ua/cf ) is roughly the ratio of the crack size to a
wavelength, which, for seismic waves, will usually be many powers of 10. This means that we may neglect [ua3 ] and ta3 on the left, giving
2hts3 {1 .
= v:
~
iu
if

[us3 ]{

(B35)

Substituting this into eq. (B34) and using the divergence theorem, we obtain
1
iu

v . = ta3 dS~{pt

&

&

[ua3 ] dS :

(B36)

A further substitution from eq. (B28) gives
1
2

&

of v . v
dS~{pt
ht (h)

&

[ua3 ] dS ,

(B37)

where
t (h)~1{

d
tan (1{i) h/d :
(1{i) h

In order to proceed further, we simplify our model to radial symmetry, where £uid 1 is con¢ned to the region 0¦R < b, where R
is the distance from the symmetry axis of the crack, while £uid 2 lies in b < R¦a. Thus
b

q1 ~

hRdR

0
a

a

,

hRdR

0

q2 ~

b
a
0

hRdR

:

(B38)

hRdR

In this case, the £uid £ux v satis¢es (see eq. B35)
v~oR eR ,



2ts
1 d
(R oR )~{iu U3s { 3 c (1{R2 /a2 )1=2 ,
R dR
if

(B39)

where er is a unit vector in the radial direction, [us3 ]~U3s h , h~c(1{R2 /a2 )1=2 for an ellipsoidal crack with semi-axes a, c and

0¦R < b
i1 ,
if ~
:
i2 ,
b < R¦a
Eq. (B39) has the solution (continuous at R~b)

  2
2ts
ca
f (R)
,
oR ~iu U3s { 3
R
if
3

(B40)

where
(
f (R)~

(1{R2 /a2 )3=2 {1

0<R<b

(1{R2 /a2 )3=2

b<R<a

:

We may now substitute this back into eq. (B37) to obtain an expression for

than & [us3 ] dS by a factor of roughly



&

[ua3 ] dS. The result of this shows that


&

[ua3 ] dS is smaller


ua 2 if 1
:
cf
kr jtj

Fig. B1 shows jt (h)j as a function of h/d. It increases monotonically from very small values to an upper limit of unity as h/d
increases from zero to in¢nity. Once again the only case of signi¢cance, where [ua3 ] is not negligibly small, is where h/d%1. We
therefore approximate t (h) by
1
t (h)^{ (1{i)2 (h/d)2 ,
3
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Figure B2. Plots of F1 and F2 (solid) and the respective ¢ts (dashed)
versus q.

Figure B1. jt(h)j as a function of h/d.

Eq. (B37) now gives

&

[ua3 ] dS~

3u
2ipt

&

gf
h3


  2
2ts3 2 ca2
f (R)2
s
U3 {
dS :
if
3
R2

(B42)

From eq. (B21) we have


1
q1 q2 {1
ts3 ~ U3s
z
,
2
i1 i2

(B43)

so
U3s {




2ts3
1
1
q1 q2 {1
~U3s q2
{
z
,
i2 i1
if
i1 i2



1
1
q1 q2 {1
s
~U3 q1
{
z
,
i1 i2
i1 i2

0¦R < b
(B44)
b < R¦a :

Substituting from this and eq. (B40), we now have

&

[ua3 ] dS~

{iun a4
(U3s )2
3pt c



1
1
{
i1 i2



q1 q2
z
i1 i2

2

fg1 F1 (q1 )zg2 F2 (q2 )g ,

(B45)
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where
F1 (q1 )~q22

 3
2 3
h
c dR
{1
3
h3 R
c
0
b

~(1{q1 )

F2 (q2 )~q21

a
b

2

1
(1{q1 )1=3

( y3 {1)2
dy ,
y2 (1{y2 )

h3 dR
c3 R
1=3

~(1{q2 )

2

q2
0

y4
dy ,
1{y2

(B46)

(B47)

and we have used the fact that
q2 ~(1{b2 /a2 )3=2 :

(B48)

The expressions for F1 and F2 can be integrated analytically but the results are fairly complicated. Fig. B2 shows both functions,
together with the approximations
F1 (q)^A1 (1{q)[1z cos n(1{q)] ,
F2 (q)^A2 (1{q)[1z cos n(1{q)] ,

(B49)

with A1 ~0:053, A2 ~0:058.
Finally, we have (eq. B2)
U33 ~
~

k
a3 pt
k
a3 pt

&

[u3 ] dS



&

[us3 ] dSz

&


[ua3 ] dS :

(B50)

The ¢rst term is given by (B23) and the second by (B45):
4
U33 ~
3



  

2
jz2k
n iuka U3s 2
1
1
q1 q2
(1zK1 ){
{
z
fg1 F1 (q1 )zg2 F2 (q2 )g :
jzk
3 c
i1 i2
pt
i1 i2

The quantity U3s can be obtained from (B23):


pt 2 a jz2k
U3s ~
(1zK1 ) ,
k n c jzk

(B51)

(B52)

so
(
)


  


2
jz2k
iu a 3 jz2k
i1 {i2
(1zK1 ){1 1{
(1zK1 ){1
[g1 F1 (q1 )zg2 F2 (q2 )]
jzk
nk c
jzk
q2 i1 zq1 i2


4 jz2k f1{iK2 /(1zK1 )g
~
,
3 jzk
(1zK1 )

U33 ~

4
3

(B53)

where
K2 ~

u
nk

2
 3 

a
jz2k
i1 {i2
fg1 F1 (q1 )zg2 F2 (q2 )g :
q2 i1 zq1 i2
c
jzk

(B54)

The quantity Kg is of the order of ugf /k a/c3 , and since the ratio (gf /k) is so small (around 10{14 s) this is a small quantity even at
a frequency of a kilohertz and an aspect ratio of 10{2. So, neglecting terms in Kg2 , we have


4 jz2k
(1zK){1 ,
U33 ~
(B55)
3 jzk
where
K~K1 ziK2 :
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