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Jun Yan,1,2* Xiang-Yang Li2 and Enru Liu1
1

British Geological Survey, Murchison House, West Mains Road, Edinburgh EH9 3LA, and 2Department of Geology and Geophysics,
University of Edinburgh, West Mains Road, Edinburgh EH9 3JW, UK

Received June 2000, revision accepted October 2001

ABSTRACT
We develop a semi-empirical model which combines the theoretical model of Xu and
White and the empirical formula of Han, Nur and Morgan in sand±clay environments. This new model may be used for petrophysical interpretation of P- and Swave velocities. In particular, we are able to obtain an independent estimation of
aspect ratios based on log data and seismic velocity, and also the relationship
between velocities and other reservoir parameters (e.g. porosity and clay content),
thus providing a prediction of shear-wave velocity. To achieve this, we first use
Kuster and ToksoÈz's theory to derive bulk and shear moduli in a sand±clay mixture.
Secondly, Xu and White's model is combined with an artificial neural network to
invert the depth-dependent variation of pore aspect ratios. Finally these aspect ratio
results are linked to the empirical formula of Han, Nur and Morgan, using a
multiple regression algorithm for petrophysical interpretation. Tests on field data
from a North Sea reservoir show that this semi-empirical model provides simple but
satisfactory results for the prediction of shear-wave velocities and the estimation of
reservoir parameters.

INTRODUCTION
Many theoretical models have been proposed in an attempt
to establish a link between formation parameters and compressional- and shear-wave velocities in reservoir rocks (e.g.
Kuster and ToksoÈz 1974; Xu and White 1995, 1996). These
theoretical models are very useful for reservoir parameter
estimations. However, they were formulated under certain
assumptions, which means that they can be used only under
certain conditions or they require specific input parameters.
On the other hand, a number of authors have derived empirical relationships between velocity and porosity or other rock
parameters (e.g. Han, Nur and Morgan 1986; Klimentos
1991; Goldberg and Gurevich 1998). Although these empirical models may give a reasonably good estimation of shearwave velocities or other reservoir parameters, most models
are applicable only under certain conditions, and they can be
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used for velocity prediction only over a very limited range of
porosity and clay contents.
In the theoretical and empirical models mentioned above,
both porosity and clay content are treated as important
factors in the determination of the elastic parameters of the
rock, but the varying pore aspect ratio (the ratio of the short
to the long axis for sand grain and clay particles) is considered to be constant over the whole depth range. In fact,
the porosity and clay content are not the only parameters
affecting velocities; there are also other factors. For example,
pore geometry (the pore aspect ratio) can explain most of the
scatter in the porosity±velocity relationship, which has been
considered to be an important parameter in velocity prediction (Xu and White 1995).
Xu and White (1995, 1996) not only considered that the
aspect ratio can explain most of the scatter in porosity±velocity
relationships, but also pointed out that the aspect ratio may
significantly affect elastic moduli and velocities. Unfortunately, aspect ratios cannot easily be obtained from field
data or laboratory measurements. Although Cheng and

289

290 J. Yan, X.-Y. Li and E. Liu

ToksoÈz (1979) showed how to estimate aspect ratios from
laboratory measurements, it is still difficult to obtain an
independent estimate of aspect ratios from well-log data.
Therefore, fixed values of aspect ratios are often used in
velocity prediction or numerical modelling (Xu and White
1995, 1996; Goldberg and Gurevich 1998). On the other
hand, Han et al. (1986) used an empirical formula to express
the relationship between porosity, clay content and velocity,
based on real field data and laboratory measurements. Han
et al. (1986) showed that the empirical formula can give a
satisfactory velocity prediction, even if the formation contains a loose matrix or fluids. Unfortunately, the weakness of
Han et al.'s (1986) model is that the empirical equations
produce obvious errors in varying lithology and thin formations.
In order to overcome these weaknesses and to develop a
general model for velocity prediction, we propose a semiempirical model which combines the theoretical model of Xu
and White (1995, 1996) and the empirical formula of Han
et al. (1986) via the aspect ratio. Our model differs from
previous models in at least two aspects: (i) our model allows
depth-dependent variation of pore aspect ratios which are
inverted from well-log data using an artificial neural network; (ii) our model combines the two well-known models
of Xu and White (1995) and Han et al. (1986) and can be
used for reservoir parameter estimation. We first give a brief
review of the theoretical background and problems of velocity and lithology prediction, then we present details of our
approach, followed by a field data example from the North
Sea.
THEORETICAL BACKGROUND AND THE
PROBLEMS
Kuster and ToksoÈz (1974) developed a model for a two-phase
medium which relates porosity and pore aspect ratios to Pand S-wave velocities. The derivation of the model is based
on scattering theory. According to this model, the pores are
assumed to be spheroidal and their shapes are characterized
by their aspect ratios. Xu and White (1995, 1996) proposed a
model to predict shear-wave velocities based on the Kuster
and ToksoÈz (1974) model, differential effective medium
(DEM) theory and Gassmann's (1951, 1952) theory. The
Xu and White (1995, 1996) model divides the total pore
space into two parts ± one associated with sand grains and
the other associated with clay platelets ± and it requires
density and gamma-ray logs as inputs. Additional inputs
include the elastic moduli of the sand grains, clay particles

and pore fluid, porosity, clay content and two aspect ratios
(one for sand grains and one for clay platelets). The bulk and
shear moduli for dry frame (Kd and md ), mixture (Km and mm )
and fluid (Kf and mf ) are calculated on the basis of Kuster
and ToksoÈz's (1974) model and DEM theory, and then
Gassmann's (1951, 1952) equations are used for prediction
of P- and S-wave velocities (VP and VS ) in saturated rock.
The main relationships between pore aspect ratios and elastic
moduli are given by
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where Kd and Km are the bulk moduli of dry frame and
mixture, md and mm are the corresponding shear moduli of
the dry frame and mixture, f is the total effective pore space
occupied by sands and clays, Kf and mf are the bulk moduli
and shear moduli of fluid, and Tiijj a and Tijij a are both
functions of the aspect ratios for sand and clay (see the
Appendix).
In the equations above, porosity can be divided into components, one associated with the clay fraction and the other
with the sand fraction, and these fractions have different
aspect ratios (Tiijj a and Tijij a). As aspect ratios cannot be
measured directly from field data, in previous applications
the aspect ratios were always chosen to be fixed. These fixed
values are often used for large depth intervals of up to several
hundred metres. In Xu and White's (1995, 1996) model, the
aspect ratio for sand-related pores is set at 0.1 and for clayrelated pores it is 0.03 (see Table 1).
Table 1 Rock properties (Xu and White 1995)

Lithology

TP
(m s/m)

TS
(m s/m)

Density
(g/cm3)

Aspect
ratio

Sandstone
Clay
Limestone
Salt
Brine

171
341
161
220
623

256
584
311
348
±

2.65
2.45
2.60
2.00
1.10

0.12
0.03
±
±
±
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Dry moduli (GPa)

Figure 1 The relationship between
aspect ratio and elastic moduli based
on Kuster and ToksoÈz's (1974) model.
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In fact, pore aspect ratios in real rock are not expected to
be uniformly distributed, and their variations obviously
affect the determination of elastic moduli. Figure 1 shows
an example of the variation of elastic moduli with pore
aspect ratio using the model of Kuster and ToksoÈz (1974).
We can see that the variations of the elastic moduli with
aspect ratio are not linear, which indicates that the use of
fixed aspect ratios may be suitable only for small depth
intervals at which lithology may be regarded as stable.
Pore aspect ratios are affected by many factors, such as
fluid, lithology, formation pressure, microcracks, the environment of deposition and the diagenesis history, etc., and
related discussions have already been given by Nur and
Simmons (1969), Brown and Korringa (1975) and Murphy
(1982). When porosity is low or microcracks are abundant,
pore pressure plays a more important role than other factors.
Figure 2 shows the aspect ratio variation with the experimental pressure (following Nur and Simmons 1969; Sun and
Goldberg 1998). The results suggest that initially the samples
were predominantly populated with cracks (0.45% and
0.2% pore porosity). As the differential pressure reached
about 10 MPa, cracks in the sample continued to collapse
until almost all the original cracks with small aspect ratios
were closed and the large aspect ratio pores and cracks
became predominant with an average aspect ratio as high

as 0.01. When the pressure reached 20 Pa, large aspect ratio
cracks continued to collapse and pores began to deform into
cracks. When the pressures reached 40 MPa, almost all the
original cracks were fully closed and pores were deformed to
become cracks with a low aspect ratio. Above 40 MPa, newly
formed cracks deformed the rock and at 70 MPa, the average
aspect ratio was low. At pressures of 100 MPa and above,
most new cracks were closed, and the lowest aspect ratio was
reached.
When using conventional methods to determine aspect
ratio directly, there are two major difficulties:
1 It is usually assumed that the pore shape is perfectly ellipsoidal, which can hardly be expected in real rock.
2 Describing the hypothetical pore spaces associated with
sand and clay using just two fixed aspect ratios over a large
depth range is obviously a simplification.
In order to model velocities of sedimentary rocks accurately, the influence of lithology, fluid, fractures, pressure and
other factors should be considered.
D ATA P R E PA R AT I O N
Firstly, the well-log and core data are used to build a
petrophysical model to derive the porosity and clay content
on the basis of core-to-log calibration. Secondly, we use Xu
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Figure 2 The relationship between
aspect ratio and pressure, derived
from granite velocity measurements
(Nur and Simmons 1969; Sun and
Goldberg 1997).
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and White's (1995, 1996) model to estimate the elastic
moduli and we combine it with a back-propagation neural
network (BPNN) to invert the pore aspect ratios directly
for sand grains and clay minerals. Finally, we use these
variable aspect ratios to link with Han et al.'s (1986) empirical equations by means of a multiple regression algorithm
and obtain a new semi-empirical equation for petrophysical
interpretations. The main procedures are summarized as
follows:
Core-to-log calibration
To decrease systematic computing errors, we cannot use the
original log data as input directly, and the following corrections are necessary for data preparation.
1 Log depth correction. The depth correction for each log
curve is matched to within a range of 0.2 m (0.7 ft).
2 Correction of deviated well. Deviation of the well is corrected from the measured depth to the true vertical depth.
3 Log curve editing. Log data editing enables the curves with
abnormal variations to be corrected or replaced by new
curves. Note that careful quality control is necessary to edit
the log curves.
4 Core reposition. A histogram plot, drawn on the basis of
core data, is used to calibrate the density log in the same
depth interval.
5 Core matching. A smoothing technique is used to
match the vertical resolution of the core data with the log
data.

200

250

Estimating porosity and clay content
The estimation of porosity from the density log requires
information about lithological fractions in the rock, such as
the density of the grain matrix and the pore-fluid density.
Here we propose a simple and useful approach, based on
core analysis in the laboratory, to estimating porosity, using
the following formula (Yang 1995):
POR  aDEN  b;

5

where POR denotes porosity, DEN denotes density log and
the coefficients a and b are determined using a least-squares
regression method (see Fig. 3, left).
Because the P-wave velocity initially increases with increasing clay content as clay particles fill the pore space,
Xu and White (1995) suggested that a maximum P-wave
velocity is reached when the clay content is equal to the
initial porosity of the clean sandstone (more than 20±40%
clay content). To obtain an accurate porosity value, we
propose a cut-off value for clay content. This is because
when the clay content is higher than 20±40%, equation (5)
cannot be used to estimate porosity from the density log and,
in this case, a cut-off value should be used to obtain the
accurate porosity (Wyllie, Gregory and Gardner 1956; Yang
1995). The equation used is
PORc 

DENma DEN
DENma DENw
Vcl

CUToff 

DENma
DENma

DENcl
 0:01;
DENw

6
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Figure 3 Core calibrated log using a regression method. Left: relationship between core porosity obtained from core measurements in the
laboratory and density log. Right: relationship between clay content obtained from core measurements and gamma-ray log.
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Figure 4 Schematic diagram showing the flow chart of the semi-empirical model for petrophysical interpretation.

where POR denotes the corrected porosity, DENcl denotes
clay density, Vcl denotes clay content, DENma denotes matrix
density, DENw denotes fluid density and CUToff denotes the
cut-off value of the clay content.
Gamma-ray (GR) counts are the measurements most
widely used to estimate clay fraction. Given a linear relationship between clay content and total radioactive counts, the
clay volume index (GRI) can be estimated from the gammaray values:
GRI 

GR
GRc

GRs 
:
GRs 

7

Based on the value of the GRI and the measurement of cores in
the laboratory, a relationship between Vcl and GRI is proposed,

Vcl  10c GRId ;

8

where Vcl denotes the clay content, GRs and GRc are the
gamma-ray counts for sand and clay, respectively, and the coefficients c and d are determined using a least-squares regression
method (see Fig. 3, right).

Estimation of pore aspect ratios using a neural network
We use the combination of Xu and White's (1995) model and
a back-propagation neural network or BPNN to invert pore
aspect ratios over a depth range (Dai and MacBeth 1994).
Figure 4 illustrates this new approach. The aim of this
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method is firstly to obtain an independent estimation of the
aspect ratios from the log data and the P-wave velocity, and
then to obtain the relationship between the aspect ratio and
other reservoir parameters, such as porosity and clay content.
Finally a semi-empirical model for shear-wave velocity prediction is proposed.
The BPNN is based on simple linear processing elements
exhibiting complex non-linear behaviour, and it can learn to
recognize patterns in data and to develop its own generalizations. The results can be used to integrate the response of
many influencing factors. The output error propagates backwards through the network to modify the link weights of the
network, and the mapping relationship between the input
and desired output vectors is encoded in the weights with a
distributed form. The main procedure is summarized as
follows:
1 The measured P-wave velocities from the sonic log are
used as the desired (expected) values. The predicted P-wave
velocities from Xu and White's model are used as the estimated values. The first depth point is chosen and then by
using Xu and White's model to compare the velocity errors, a
value of aspect ratio is determined from the minimum velocity error. This value is used as a sample (standard value) of
the aspect ratio in the neural network. This procedure is
repeated and the value of the aspect ratio is determined at
the next depth, until enough samples have been obtained.
2 Suitable samples of aspect ratios are regarded as the standard values, and are used as the desired values of the aspect
ratios for the network.
3 Suitable log data (such as GR, SP, DEN) with their related
depths are chosen as inputs for the network.
4 A suitable weight value is given to this network.

Desired value
(Vp and Vs)

5 The network is run for training aim.
6 The error is calculated, based on the predicted aspect
ratios and desired aspect ratios.
7 The weight values are adjusted to reduce the error between
predicted values and expected values.
8 After correction of the weight values, the network starts to
compute the whole error, which is the total sum of the errors
of a single training pattern.
9 If the error is larger than the permitted range, steps (3) to
(7) are repeated to reduce the error.
The process is iterated many times. Once the error signal is
reduced and it reaches the expected accuracy, the iteration is
stopped, and a BPNN is established. To calculate the average
value of the error (En ) for the aspect ratio, the input pattern
is first introduced into an initially randomized BPNN and the
weights values are adjusted, based on the previously determined values, until all training sets are exhausted, and it is
necessary to adjust the studying rate (Z) during training. This
gives
wijk n  1  Zdjk oij  awijk n;

where wijk is the variation of weight connection, Z is the
learning rate, a is the momentum rate, oij is the output and
dik is the change in error.
The work flow diagram for the inversion of the pore aspect
ratios, based on the neural network, is shown in Fig. 5, and
the result is shown in Fig. 6.
NEW SEMI-EMPIRICAL FORMULAE
Once the procedure of data preparation is completed, a
linear or non-linear regression method is employed to

Error analysis
Preliminary output

Change weights

Training data
(Log data)

9

New Neural Network

Neural network structure

Aspect ratios output
Figure 5 The work flow diagram for inversion of the aspect ratio using a back-propagation neural network.
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Figure 6 Aspect ratio output obtained with the back-propagation neural network.
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estimate porosity and clay content. To estimate the effects of
porosity (f) and clay content (Vcl ) on velocity (V), Han et al.
(1986) used a least-squares linear fitting to a series of laboratory data and found the best fit to a polynomial in the
form of
V  a  bf  cVcl :

10

P
where ls;c Tl a are aspect ratios of sand grains and clay
particles, respectively, and the coefficients A0 ; A1 ; A2 ; Al and
B0 ; B1 ; B2 ; Bl are determined by a multiple linear regression
procedure. Figure 7 shows the relationship between sand
aspect ratio, porosity and clay content when velocity values
are fixed.

This equation indicates that P- and S-wave velocities are a
linear function of porosity and clay content, and that they
increase with increase in porosity and clay content. Han
et al.'s (1986) model may be used to predict P- and S-wave
velocities, but it will not give accurate results in varying
lithology and thin formations. To improve this, we propose
a forward segmentation multiple regression method to
extend the empirical model of Han et al. (1986), and we
combine it with the theoretical model of Xu and White
(1995, 1996) via the aspect ratio as follows:

We applied our method to the field data from a North Sea
reservoir. Well-log data contained caliper, gamma-ray, density, self-potential and dipole sonic. Core data consisted of
porosity (f) and clay content (Vcl ). After application of a
multiple linear regression to equations (12) and (13), we
obtained the following equations:
VP  4:198

4:17f

1:64Vcl  2:99Ts a

4:05Tc a;

14

V  f f; Vcl ; T a:

VS  3:199

3:24f

1:42Vcl  2:64Ts a

3:32Tc a;

15

11

Thus velocity, porosity, clay content and aspect ratio are
combined as the whole regression elements, and we then
obtain optimum fitting equations of the P-wave velocity
(VP ) and the S-wave velocity (VS ) as follows:
X
Al Tl a
12
VP  A0  A1 f  A2 Vcl 
ls;c

and
VS  B0  B1 f  B2 Vcl 

X

Bl Tl a;

13

ls;c

A P P L I C AT I O N S T O F I E L D D ATA

with
f

0:607DEN  1:53;

16

Vcl  100:985 GRI  0:35128 ;

17

where VP denotes P-wave velocity (in km/s), VS denotes Swave velocity (in km/s), f denotes the effective porosity, r
denotes density log (in g/cm3 ), Vcl denotes clay content, Ts a
denotes the aspect ratio for sand grains and Tc a denotes the
aspect ratio for clay particles.

‘velocity = 3500’
‘velocity = 4000’
‘velocity = 4500’

Figure 7 The relationships between aspect ratio,
porosity and clay content for velocities of 3500,
4000 and 4500 m /s.
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Figure 8 Predicted velocities using Xu
and White's (1995, 1996) model. Panel
1: Gamma-ray log. Panel 2: P-wave
sonic log. Panel 3: Density log. Panel 4:
Predicted VP using Xu and White's model.
Panel 5: Predicted VS using Xu and
White's model. Panel 6: Comparison of
predicted and measured VPS; Panel 7: Predicted porosity.
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Predicted P- and S-wave velocities by Xu-White model

predicted Vp
sonic log
gamma-ray log
Density log

Figures 8 and 9 show the variation of P- and S-wave
velocities using Xu and White's model and our semiempirical model, respectively. Compared with Xu and
White's (1995, 1996) model for the prediction of P- and Swave velocities, we can conclude that our semi-empirical
model gives a satisfactory result for velocity prediction (see
Fig. 9). Figure 10 shows the errors between predicted and
measured P- and S-wave velocities for Han et al.'s (1986)
empirical model, Xu and White's (1995) model and our
semi-empirical model. Figure 11 shows the cross-plot of
measured and predicted velocities, and we find that our
approach gives a satisfactory result. We can also see that
the scattering is much smaller than that from Xu and
White's (1995) model and from Han et al.'s (1986) model,
and the correlation coefficient of regression (R) is larger
than the other approaches. The results show that our semiempirical model is at least as accurate as the other two
models.
CONCLUSIONS
We have developed an approach to velocity prediction and
reservoir parameter estimation. Our method is based on a

predicted Vs

predicted Vp
measured Vp

predicted
porosity

combination of the theoretical model of Xu and White
(1995, 1996) and the empirical model of Han et al. (1986).
The model uses pore aspect ratios to characterize the compliance of the sand and clay components, so that the effects of
lithology, fluid saturation, temperature, pressure and other
factors can be compensated. This approach can be used for Swave velocities and to invert pore aspect ratios from well-log
and core data. The validity of this approach is confirmed by
the analysis of field data from a North Sea reservoir.
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Predicted P- and S-wave velocities by our semi-empirical model
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Figure 9 Predicted velocities using our semiempirical model. Panel 1: Gamma-ray log.
Panel 2: P-wave sonic log and density log.
Panel 3: Predicted VP using our semiempirical model. Panel 4: Predicted VS using
our semi-empirical model. Panel 5: Comparison of predicted and measured VPS. Panel 6:
Predicted porosity.
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Figure 10 Comparison of predicted and measured P- and S-wave velocities in different models. (a-1) and (a-2) use Han et al.'s model for VP and
VS, respectively; (b-1) and (b-2) use Xu and White's model for VP and VS, respectively; (c-1) and (c-2) use our semi-empirical model for VP
and VS, respectively.
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(a-2) Vs error distribution
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Figure 11 Error analysis of predicted and measured P- and S-wave velocities from the field data in the North Sea. The predicted velocities are
determined from our semi-empirical model, the measured velocities are obtained from a dipole sonic log. (a-1) VS error cross-plot; (a-2) VS error
distribution; (b-1) VP error cross-plot; (b-2) VP error distribution.
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APPENDIX
Scalars in Kuster and ToksoÈz (1974)
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with A, B and R given by A  (m'/m) 1, B  [(K'/K) (m'/m)]/3,
R  3m/(3k  4m), and g  a2(3f 2)/(1 a2), f  a[cos 1a
a(1 a2)1/2]/(1 a2)3/2. Here a denotes the aspect ratio; K and
m denote the bulk and shear moduli of the solid in which the
pores are embedded; K' and m' are the bulk and shear moduli of
the inclusions.
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